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PREFACE 


This book provides a practical introduction to phase-locked loops for the practicing 
electrical engineer. Beginning with basic principles, it covers applications such as clock 
recovery, FM and PM modulation and demodulation, and frequency synthesis. Each 
application includes the development of design formulas for the system parameters— 
bandwidth, noise, acquisition range and speed, dynamic range, stability, and accuracy. 
While providing the necesssary system theory, the book’s main emphasis is the practical 
realization of phase-locked loop circuits. For example, it addresses stray coupling, current 
limitations, offset voltages, and bandwidth limitations. Many alternative circuits are 
described with extensive use of examples and figures. 

The experienced specialist in phase-lock loops will find material here that extends 
his knowledge. Several new digital phase detectors are described. The choice between 
lock acquisition techniques is clarified. The often confounding problem of injection 
locking is treated in depth. 

To simplify the connection between phase-locked loop theory and design, the text 
abandons the traditional natural frequency w, and damping factor ¢ of control theory. The 
parameter w,, is often misleading since it has little relation to system behavior in a highly 
damped system. The parameters used in this text are the bandwidth K and the zero 
frequency >, which give a better description of system behavior. K is the 3-dB bandwith 
for all dampings except those near instability. The value of w, in relation to K essentially 
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gives the damping through the expression ¢ = 0.5 /K/w, and it is closely tied to the 
circuit elements. Both K and w, are clearly evident in Bode plots of frequency responses, 
providing a visual link between design and performance. 

This text has been used for a course on phase-locked loop circuit design at the 
graduate level, where it has served those with immediate applications for phase-locked 
loops and those who wish to consolidate their facility with circuit design in general. The 
study of phase-locked loops is an excellent vehicle for putting to use various disciplines of 
electrical engineering: communication theory, control theory, signal analysis, noise 
characterization, design with transistors and op amps, digital circuit design, and nonlinear 
circuit analysis. 

The author is grateful to his students at Worcester Polytechnic Institute for their help 
in refining the contents of this book. The work assignments at Bell Telephone Laborato- 
ries and at Tau-tron, Inc. have provided the anvil on which to shape his understanding of 
phase-locked loops. The author has found the study and design of phase-locked loops to 
be a rich area for providing challenges to innovation and solutions to practical problems. It 
is his hope that this text will shorten the path for other design engineers and help them to 
enjoy the discovery and creativity available in phase-locked loop circuit design. 


CHAPTER 


1 


INTRODUCTION 


Phase-locked loops are used primarily in communication applications. For example, 
they recover clock from digital data signals, recover the carrier from satellite transmission 
signals, perform frequency and phase modulation and demodulation, and synthesize exact 
frequencies for receiver tuning. In this chapter we look at the basic principles of phase- 
locked loop operation in these applications. The approach here is informal and non- 
numeric in order to provide a quick overview. The intent is to provide heuristic descrip- 
tions that will raise questions to be answered in the following chapters. 

A phase-locked loop (PLL) is basically an oscillator whose frequency is locked onto 
some frequency component of an input signal v;. This is done with a feedback control 
loop, as shown in Fig. 1-1. The frequency of this component in v; is w; (in rad/s), and its 
phase is 0,;. The oscillator signal v,, has a frequency w, and a phase 0,. The phase detector 
(PD) compares 6, with 0,, and it develops a voltage v, proportional to the phase 
difference. This voltage is applied as a control voltage v,. to the voltage-controlled 
oscillator (VCO) to adjust the oscillator frequency w,. Through negative feedback, the 
PLL causes w, = w,;, and the phase error is kept to some (preferably small) value. Thus, 
both the phase and the frequency of the oscillator are ‘‘locked’’ to the phase and the 
frequency of the input signal. 
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(w;) controlled (wo) 
(6,) LOE St oscillator | : (8) 
0,=0;, Wo =aj FicureE |I-1 Basic phase-locked loop 


In Chapters 2 and 3, we will add another component—a loop filter—to the simple 
PLL in Fig. 1-1. This will serve to modify the PLL bandwidth and reduce the phase error. 
For now, we simplify the PLL by omitting the loop filter in order to better understand the 
basic operation of the PLL. 

Seven applications are discussed briefly in this chapter. They will be more thor- 
oughly covered in Chapters 9 through 11. 


1—1 CARRIER RECOVERY 


Figure 1—2 shows a received signal v; consisting of bursts of a sinusoid. This is similar to 
the “‘color bursts’’ in a TV signal. The frequency and phase of an oscillator in the TV 
receiver must be locked to those of the bursts. This oscillator signal v, is then used to 
demodulate the color information in the TV signal. When a burst occurs, the PD (phase 
detector) has a chance to compare the phase of v, with that of v;. Any error produces a 
voltage v, that is applied to the VCO (voltage-controlled oscillator) to correct the phase. 
(A brief change in frequency changes the phase.) 

A spectrum of the input shows that the input signal v; has a component at w,, the 
frequency of the sinusoid during the burst (see Fig. 1-2). But there are many other 
spectral components nearby—some only 10% away from w;. One question is whether the 
PLL will choose the correct frequency to lock onto. How does it acquire lock in the first | 
place? Once it is locked to the proper frequency, will the VCO phase drift too much : 
between the bursts? Every communications signal is corrupted by noise to some extent. | 


v(t) Vi(w) 


Vo(w) 


Wo = Wj 


Wo w 


Figure 1-2 Carrier recovery 


Sec. 1—3 Tracking Filter 3 


How will the noise affect the purity of the VCO signal v,? Will the PLL be able to average 
the phase of v; over many bursts, thereby reducing the effect of the noise? 


1-2 CLOCK RECOVERY 


In this application, a clock signal v, is to be synchronized to a digital data signal v;. For the 
example in Fig. 1-3, v; represents a logic **1’’ by a pulse and a *‘0”’ by the absence of a 
pulse. The data sequence here is 1,0,1,1,0,1,1,1,0,0,1. An analysis of the spectrum of 
this data signal shows that there is a component at w;, where 277/w, is the spacing between 
logic symbols. There is also a background broad spectral density due to the random gaps 
representing 0’s in the data. A PLL can be used to lock an oscillator frequency w, to the w; 
component, producing the clock signal v, shown. 

The clock could have been recovered with a narrow-band filter rather than a PLL. 
However, the background spectral density in the vicinity of w, will also pass through the 
filter, corrupting the clock. What effect will this background spectral density have on the 
PLL? Can the effective Q of a PLL match that of a crystal filter with a Q of 10,000? Can 
clock be recovered if there is no space between the pulses representing adjacent “‘1’s’’? 


1-3 TRACKING FILTER 


One advantage of a PLL over a narrow-band filter is its ability to track an input frequency 
w; that is drifting with time. Figure 1-4 shows an w, that is ramping downward with time, 
perhaps due to doppler shift, as with a satellite passing overhead. The PLL tracks the 
component at w; and continues to recover the clock. If a narrow-band filter rather than a 
PLL were used to recover the w; component, the component would quickly drift out of the 


narrow passband. In this application, the PLL acts about like a narrow-band filter whose 
center frequency can move. 


v;(t) Vj(w) 


Volt) Vo(w) 
Wo = Wj 


t Wo @ 


Ficure |-3 Clock recovery 
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How fast can w; move without the PLL losing track? What is the relationship 
between the speed with which the PLL can track w,; and the effective bandwidth of the 
PLL? What limits the range over which the PLL can track w,? 


1—4 FREQUENCY DEMODULATION 


Almost all FM receivers today use a PLL for frequency demodulation. In this application, 
the PLL output frequency w, tracks the input frequency w, as it varies according to the 
modulation (see Fig. 1-5). If the VCO control voltage v.. is proportional to w,, it is also 
proportional to w;. Therefore, v,. is the demodulated signal. 


Wide bandwidth so 
We tracks w; 


Ficure I-5 Frequency demodulation 


Sec. 1-6 Phase Modulation 5 


Note that the bandwidth of the PLL must be wide enough that it has the necessary 
speed to track the variations in w;. How wide must the PLL bandwidth be? What happens 
if it is too wide? How much noise does it take to cause the PLL to temporarily lose lock at 
times? (These “‘cycle slips’’ are heard as ‘‘clicks.’’) 


1-5 PHASE DEMODULATION 


In a similar application, a PLL can be used for phase demodulation. Here, the received 
signal v; is a carrier whose modulated phase 0; conveys the information (see Fig. 1—6). In 
this application, the PLL bandwidth is so small (the PLL is so “‘sluggish’’) that 0, sits at 
the average of 6; rather than following it. The output phase 0, is nearly constant; that is, v, 
is the recovered unmodulated carrier. This serves as a reference for the phase detector to 
demodulate 6;. If the phase detector has a linear characteristic, its output v, is proportional 
to 6;, and v, is the demodulated output. 

How narrow must the PLL bandwidth be? What is the relationship between the 
bandwidth and the length of time it takes the PLL to reach lock initially? How does the 
strength of carrier component of v; depend on the amplitude of the phase modulation? Can 

the PLL still recover a carrier if there is no carrier component in v;? 


1-6 PHASE MODULATION 


In Fig. 1-7, a PLL is modified by summing a modulation signal v,, into the circuit to 
modulate the phase 6,. The voltage v,,, tries to change the frequency of the VCO. But if the 
bandwidth of the PLL is wide enough, it can respond quickly and adjust v, to cancel 
the effect of v,,. Thus, v, ~ —v,,, and v. = v, + v,, remains essentially constant. If the 
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Narrow bandwidth so 
0, averages 0; 


Figure |—6 Phase demodulation 
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Wide bandwidth so 
— Vg tracks V,, t 


FiGuRE |—7 Phase modulation 


input phase 6; is constant (zero), v, is proportional to — 0,, and 6, is therefore proportional 
to v,,. Thus, the signal v,, modulates the phase 6, of the VCO. 

What limits the amplitude of the modulated phase 6,? Can these limits be extended 
if necessary? Phase modulation implies some amount of frequency modulation. How large 
is this FM? Does it exceed the range of the VCO? 


1-7 FREQUENCY SYNTHESIS 


A frequency synthesizer generates multiples of an accurate reference frequency o,. For 
example, if w; = 1| krad/s, then the synthesizer might generate 100, 101, ... , 200 
krad/s. That is, wo, = Nw,, where N varies from 100 to 200. Such a frequency multiplier 
can be realized with a PLL, as shown in Fig. 1-8. In this application, a frequency divider 
is included in the feedback path of the PLL. The integer N by which w, is divided can be 
selected by the user. When in lock, the PLL assures that the two frequencies w; and w,/N 
at the input to the phase detector (PD) are equal. Then, w, = Nw,, as desired. 

What is the effect of the +N on the PLL bandwidth? What limits the size of N in 
practice? How long does it take the PLL to change frequency when N is changed? How do 
noise in v, and in the VCO affect the purity of the synthesized frequency? 


Wo/N= a, Wo = Nw; Figure 1-8 Frequency synthesis 
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1-8 ORGANIZATION OF THE TEXT 


Chapters 2 through 5 give the mathematical analysis of phase-locked loops and describe 
their components—loop filter, phase detector, and voltage-controlled oscillator. Various 
circuit designs for the components are compared. 

Chapters 6 through 8 answer some of the questions raised above that are common to 
many applications. These are questions about the sources of noise and its effects, the time 
required for lock acquisition as a function of initial frequency error, and the limits of 
frequency and phase variation that a PLL can track once it is in lock. 

Chapters 9 through 11 look at specific PLL applications—phase and frequency 
modulation and demodulation, clock recovery from data signals, frequency synthesis. 
These chapters also address the questions raised above that are specific to the application. 


1-9 OTHER INFORMATION ON PHASE-LOCKED LOOPS 


The purpose of this text is to give the reader an understanding of the fundamentals of 
phase-locked loops and of their circuit design. From this introduction, the reader should 
be able to design phase-locked loops for most applications. For specialized and detailed 
information, the reader will want to refer to some of the literature listed in the Bibliogra- 
phy at the end of this chapter. The basics provided in this text should be a good 
preparation for such further advances. 
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CHAPTER 


PHASE-LOCKED 
Loop Basics 


2—1 PHASE-LOCKED LOOP CHARACTERISTICS 


We have seen that in some applications the PLL should be fast in following the input 
phase, and in others it should be slow. In other words, the bandwidth of the PLL should be 
either wide or narrow. This is determined by the characteristics of the phase detector 
(PD), the voltage-controlled oscillator (VCO), and the loop filter, which is introduced in 
section 2-7. 

Another measure of a PLL’s performance is the phase error—the difference 
between the input phase 0; and the VCO phase 0,. Consider the block diagram of a simple 
phase-locked loop shown in Fig. 1-1. When it is in lock, the VCO frequency w,, equals 
the input frequency w;. (How the PLL initially attains frequency lock is dealt with in 
Chapter 8.) The control voltage v.. necessary to cause w, = w,; 1s provided by the PD 
output v,. But the PD requires some phase error between 6; and 6, to produce this v,. We 
will determine the size of this error in terms of the characteristics of the components of the 
PLL. 

A PLL has other characteristics—frequency range over which it will acquire lock, 
lock acquisition time, tolerance of modulation without losing lock, output phase noise. 
These will be discussed in later chapters. 


(volts) 


Vg for no PLL input 


—T —1/2 w/2 vs 6g 
(a) 


(volts) 
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Figure 2-1 Phase detector characteristic and model 
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2—2 PHASE DETECTOR CHARACTERISTICS | 


Let 0, represent the phase difference between the input phase and the VCO phase. The PD 
produces a voltage v, in response to this 0,; a typical characteristic v, versus 6, is shown in 
Fig. 2—la. The curve is piecewise linear, and it repeats every 27 radians. This periodicity 
is necessary since a phase of 277 is generally indistinguishable from a phase of zero. When 
no signal v; is applied to the PD, it generates some free-running voltage V,,, which is 
shown as 2 V for this case. Corresponding to V,,, on the curve is some phase 6,,, (equal to 
= Tt /2enere): 

The usual convention is to shift the characteristic so that a phase error of zero 
corresponds to v, = V,,. Therefore, we define the phase error to be 


6. = 6, “a B40 (2-1) 


(see the characteristic in Fig. 2—1b). Because of this shift, 6, = 0 does not usually 
correspond to v; and v, being in phase, but for analysis purposes it is convenient to define 
it as zero phase error. We will also use the convention of defining the input phase 6; and 
the VCO phase 6, such that 


0, aa 6; aa 0, (2-2) 
The plot of vz versus 0, in Fig. 2—1b is called the PD characteristic. By definition, vy = 


Vio Corresponds to 0, = O. In the range — 7/2 < 0, S w/2 there is a constant slope Kg, 
where 


K,=dv,/d0. (2-3) 


In this case, K, = (4 V)/(m radians) = 1.27 V/rad. In the linear region, the PD can be 
modeled by 


Le ae dO. as Vis (2-4) 


which is represented by the signal flow graph in Fig. 2—Ic. Kz is the PD gain, and V,, is 
the free-running detector voltage. 


2—3 VCO CHARACTERISTICS 


A typical characteristic of a voltage-controlled oscillator is shown in Fig. 2—2a. Here, the 
VCO frequency w, is a linear function of the control voltage v.. The curve need not be 
linear, but it usually simplifies the PLL design if the slope is the same everywhere. As v,. 
varies from 0 to 4 V, the VCO varies over its range of 8 Mrad/s to 16 Mrad/s. Outside this 
range, the performance of the VCO is unacceptable in some way. When the PLL is in 
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2M 
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(b) 


(c) Figure 2—2 VCO characteristic and model 


lock, w, = w;. Suppose that w; = 10 Mrad/s. Then according to the characteristic in Fig. 
2—2a, w, = 10 Mrad/s requires v. = | V. This is the static control voltage V.., 
corresponding to w, = ,. Notice that V,,, is not a property of the VCO alone; it also 
depends on the frequency w, to which the PLL is locked. (For example, if w,; were 12 
Mrad/s, then according to Fig. 2—2 the V,,, would be 2 V). This is in contrast to V,,,, which 
is a property of the PD alone. 
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The static operation of the PLL when it is in lock can be found from the PD and 
VCO characteristics. The lock condition is w, = w;. For the case w; = 10 Mrad/s, Fig. 2— 
2a shows v. = V., = 1 V. This voltage is provided in turn by a PD voltage of v, = 1 V. 
From the PD characteristic in Fig. 2-1b, a phase error 8. = —0.79 radians is required to 
produce this vj. This average 9, in lock is called the static phase error 6,,. It is usually 
desirable to have 0,, near zero. It certainly must not exceed + 7/2 radians, the limits of 
the linear portion of the PD characteristic. An expression for 6,,, in terms of parameters of 
the PD and VCO characteristics will be developed below. 

Sometimes it is convenient to refer to the output frequency deviation Aw,, where 


Aw, om WO, —~ W; (2-5) 


In lock, the average of w, equals w;, so Aw, is a measure of how far w, is from its average 
in lock. A plot of Aw, versus v, is essentially a shifted VCO characteristic, as shown in 
Fig. 2—2b. By definition, Aw, = 0 corresponds to v. = V,.. 

The slope of the VCO characteristic in the vicinity of the lock frequency is called 
the VCO gain K,, where 


K, = dw,/dv.. = dAw,/dv, (2-6) 


Here we have K, = (8 Mrad/s)/(4 V) = 2 Mrad/s/V. Then the frequency deviation can be 
modeled by 


AQ, = KV) (227) 


where V.., is the control voltage in lock. The signal flow graph in Fig. 2—2c represents Eq. 
(2-7). 


2—4 LINEAR MODEL OF PLL 


The descriptions of the PD and the VCO in Eqs. (2-4) and (2-7) are linear, although the 
linearities hold only for limited ranges. In Chapter 7 we will look at the consequences of 
these range limitations. In this chapter, we assume that 6, and w, stay in the linear ranges 
of the PD and VCO. There are several other texts [1-4] that treat this topic and may 
provide other useful perspectives. 

Although the input and output signals of a PLL are often not pure sinusoids, for the 
moment we will assume they are, for the sake of phase notation: 


sin(w,t + 9,) 


= 
| 


v, = sin(wt + 9,) 
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where w,; is a constant, the average input frequency. As the dimension “‘radians per 
second’’ implies, frequency is the time derivative of phase, where phase is the argument 
of the sine function. Thus, the output frequency from the VCO is 


wo, = dwt + 0,)/dt = wo; + d0,/dt (2-8) 

But as defined in Eq. (2-5), Aw, = w, — w;. Therefore 
Aw, = d0,/dt (2-9) 

or 

6, = Jf Aw, dt (2-10) 
This relationship between 6, and Aw,, together with the signal flow graphs in Fig. 
2—lc and Fig. 2—2c, completes a linear model of the PLL (see Fig. 2-3). The VCO model 
now includes an integrator to provide the phase 0, as the PLL output. This phase is fed 

back and compared by the PD with 6; of the input signal. 
We have been referring to w; as the input frequency, but it is actually the average 


input frequency. The full expression for the input frequency is w; + d6,/dt. This will be 
discussed further in section 7-2. 


2—5 STATIC PHASE ERROR 


By definition, when the PLL is in lock, the average w, equals w,, and the average Aw, is 
zero. The static phase error 0,, is the average value of 0, in lock. From the signal flow 
graph in Fig. 2—3, we see that 
Aw, a K(K49, a0 Vas et Veo) 
and taking the time average of both sides, 
Aw, = K(Ka9. + Vao — Veo) 
In lock, Ke. = 0, and 0. =0>,.. Therefore 


Gi oe eV eV RG (2-11) 


For K, = 1.27 V/rad, Vz, = 2 V, and V,, = 1 V, Eq. (2-11) gives 0,, = —0.79 radians, 
as determined graphically before. 
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PD VCO 


Figure 2—3 Linear model of PLL 


2—6 PLL BANDWIDTH 


In discussing the bandwidth of a PLL, we are concerned with the frequency at which 0; 
can vary and still be followed reasonably closely by 6,. This also holds for the frequency 
at which w, can vary and still be followed by w, in the case of FM. Since bandwidth has to 
do with variations or ac signals, we form an ac model of the PLL by eliminating the dc 
parameters from the linear model in Fig. 2-3. The resulting ac model is shown in Fig. 2— 
4. The integration has been replaced by its Laplace transform I/s, where s is complex 
frequency. When finding frequency response, we will replace s by jw. 
Let the forward gain of the loop in Fig. 2-4 be G(s): 


G(s) = K K,/s (2-12) 
The signal flow graph in Fig. 2-4 is actually a system of equations which can be solved 


for the phase transfer function 0,/0;. Those familiar with control theory can see by 
inspection that the transfer function is. 


Mole vefaw eis) 
0.(s)o eet IF PGR WO AEG Go) 


(2-13) 


FiGurRE 2—4 ac model of PLL 
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(see, for example, Phillips and Harbor [5]). It can be shown from this expression that 
|6,,/0,| follows the smaller of unity or |G(jw)|. From Eq. (2-12), 


IG(jw)| = K,K,/o (2-14) 


which falls off as 1/w. This is a straight line when plotted on log axes as in Fig. 2—5. For 
low w, |G(jw)| > 1, and |6,/6,| is about unity. For high w, |G(jw)| < 1, and |6,/0;| is about 
equal to |G(jw)|. Therefore, the bandwidth 34, occurs when |G(jw)| = 1. From Eq. 
(2-14), this is when | = K,K,/@34p, OF 


Oza3 = Kuk, (2-13) 


For the PD and VCO characteristics in Fig. 2—1b and 2—2a, Ky = 1.27 V/rad, and K, = 2 
Mrad/s/V. Then @3y3 = 2.55 Mrad/s. 

Suppose we wished to reduce the bandwidth by a factor of 0.286 to @3y3 = 0.73 
Mrad/s. This can be realized by putting a voltage attenuator consisting of Ro and R, 
between the PD and the VCO, as in Fig. 2—6a. The gain of the attenuator is represented by 
K,, where 


Ky = Ro/(Ro + Ro) (2-16) 


For the values Ro = 25 kQ and R, = 10k, we have K, = 0.286. The linear ac model 
for the PLL now includes K,, in the loop (see Fig. 2—6b), and the forward gain is now 


G(s) = K,K,K,/s (2-17) 
As before, the bandwidth is determined by the frequency for which |G(jw)| = 1. From 


Eq. (2-17), this is at the frequency 


gain 


inant sh Ainge 
|G(jw)| = ances 


#3ap = KgKo 


ON aS cae er ee 


Figure 2-5 Frequency response of PLL 
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gain 


: KaKpK, 
(Gijo)| = — ee 
@ 


&3qB = KgKpKo =K 


(c) 


FiGurRE 2-6 Narrowed bandwidth PLL 


O3an = KyK,K, (2-18) 


(see Fig. 2-6c). For Ky = 1.27 V/rad, K,, = 0.286, and K, = 2 Mrad/s/V, the bandwidth 
has been reduced to 343 = 0.73 Mrad/s, as desired. 


Since the product of these three gains occurs often in the analysis of PLLs, it is 
standard notation to let 


K=K.K,K, (2-19) 
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K is called the “‘loop gain,’’ although it does not include the integration 1/s, which is also 
in the loop gain (see Fig. 2—6b). From Eq. (2-18), K is also the 3-dB bandwidth of the 
PLL. From Eqs. (2-13), (2-17), and (2-19), the transfer function is 


pall Cp Mam nr SE (2-20) 
0(s) Sa 


A PLL with a simple attenuator (as in Fig. 2—6a) is called a first-order phase-locked 
loop because the transfer function has a first-order polynomial of s in the denominator. 

While the attenuator gain K,, has satisfied the ac requirements of the PLL as far as 
bandwidth, it also affects the static behavior of the PLL. Returning to the complete 
characteristic of the PD in Fig. 2—lb, we see the maximum v, is 4 V. Then, after 
attenuation by K, = 0.286, the maximum y, is now only 1.14 V. According to the 
characteristic in Fig. 2—1b, this restricts the VCO to a maximum frequency of 10.3 Mrad/s 
—barely enough range to let the PLL lock to an input frequency of 10 Mrad/s. In the next 
section we look at a solution to this problem, but first we will analyze an example 
involving the PLL in Fig. 2—6a. 


EXAMPLE 2-1 


A PLL has the VCO characteristic w, versus v. shown in Fig. 2—2a. The input frequency is 
w, = 10 Mrad/s, giving a static control voltage V., = 1.0 V. The slope of the 
characteristic is K, = 2 Mrad/s/V. The PD characteristic is that shown in Fig. 2—1b and 
reproduced in Fig. 2-7. The slope of the PD characteristic is Kg = 1.27 V/rad. There is a 
sinusoidally modulated phase at the input 6; = 0.3 sin (w,,t), where w,, = 5 Mrad/s. 

We will analyze two situations: first with no attenuator (K, = 1), and then with an 
attenuator with K, = 0.286. In each case we will find the static phase offset 6,,, the 
bandwidth K, and the amplitude of the output phase swing @,. 

For K, = 1, V., = 1.0 V corresponds to v, = 1.0 V, and from the PD characteristic 
in Fig. 2—7, the corresponding static phase offset is 0., = —7/2 + (1.0 V)/Kg = —0.79 
radians. The bandwidth is given by K = K,jK,K, = 2.55 Mrad/s. The magnitude of the 
frequency response is obtained by taking the magnitude of Eq. (2-20) with jw replacing s: 


eo? 


K 


A,(jo) 
Ojo). fa? +R? 


2724 
(jo) a 


‘i | Kljo 
1 + K/jo 


This response is plotted in Fig. 2-8a. At = w,, = 5 Mrad/s, Eq. (2-21) gives |0,/0,| = 
0.45. Since the amplitude of 0; is 0.3 radians, the amplitude of 0, is 0.45 x 0.3 = 0.135 
radians. Figure 2—-8b compares the amplitudes of 0; and 6,. Note that there is also a phase 
shift of 63 deg. due to the phase of the response 0,/6,. 

For K, = 0.286, v. = 0.286v,, or V, = 3.5v,. Then corresponding to v. = V,, = 
1.0 V, we must have v, = 3.5 V. From the PD characteristic in Fig. 2-7, the correspond- 
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Figuré 2-7 Phase detector characteristic for Example 2-1 
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Ficure 2-8 Response to phase modulation in Example 2-1 
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ing phase offset is 6,,. = —/2 + (3.5 V)/Kz = 1.18 radians. The new bandwidth is K’ 
= K,K,K, = 0.73 Mrad/s. The new response |0,'/6,| is plotted in Fig. 2-8a. Atw = o,, 
= 5 Mrad/s, Eq. (2-21) gives |@,'/0,| = 0.14. Since the amplitude of 6; is 0.3 radians, the 
amplitude of 6,’ is0.14 X 0.3 = 0.042 radians. Figure 2-8b compares the amplitudes of 6; 
and @,'. Note that there is a phase shift of 82 deg. due to the phase of the response 6,'/0;. 
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FiGureE 2-8 (continued) 


2—7 LOOP FILTER 


By putting an attenuator in the PLL, we reduced the ac gain K and therefore reduced the 
bandwidth, as desired. But we also reduced the dc gain and therefore limited the dc 
voltage V,.,, which the PD can provide to the VCO. This greatly restricts the frequency 
range of the PLL. The solution is to replace the attenuator in Fig. 2—6a with a loop filter. 
This filter will still act as an attenuator at high frequencies, but it will have unity gain at 
de. 

A simple loop filter is formed by adding a capacitor to the attenuator, as in Fig. 2— 
9a. If the capacitor is large enough, the ac attenuation is unaffected. But now the dc path 
to ground is blocked, and the dc component of v, is not attenuated. The transfer function 
of this loop filter is 


Awe 
Fi a (2-22a) 

Soy 

where 

pe meee (2-22b) 
jy RE Mapes vit (2-22c) 

(Ro + Ry)C 
foe ee ae (2-224) 
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| Glew) | G(s) = KjF(s) K,/s 
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FiGure 2-9 Expanded frequency range PLL 
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The frequency response |F(jw)| of the loop filter is plotted in Fig. 2-9c. At dc, the gain is 
F(O) = 1, and at high frequencies (greater than w,), the gain is K;, as desired. 

The signal flow graph of the PLL in Fig. 2—9b includes the gain F(s) of the loop 
filter. The gain of the forward path is 


G(s) = K,F(s)K,/s (2-23) 
The frequency response of |G(jw)| is plotted in Fig. 2-9d. Again, the rule is roughly that 


|0,/0;| is the lower of unity and |G(jw)|. At high frequencies, |F(jw)| ~ K,, and |G(jo)| 
= | for w = K,K,K,. Then, as in Eq. (2-18), the bandwidth is 


O3qB = KUK,K, =K (2-24) 


This result for the bandwidth has assumed |F(jo)| = K, when w = K. But |F(jo)| 
~ K, only for w > w,. Therefore, we require that 


ek (2-25) 


as shown in Fig. 2—9d. If w, is less than 4 K, then w, has little effect on the response |6,/6)| 
(compare Figs. 2—6c and 2—9d). A thorough analysis of the effect of w, is carried out in 
Chapter 3. 

The PLL transfer function is obtained from Eqs. (2-13), (2-22a), and (2-23): 


OS on tee Ks + Kw, 
0(s) s+ (K + @,) + Ko, 


(2-26) 


Because the denominator has a second-order polynomial in s, a PLL with a loop filter is 
called a second-order phase-locked loop. In Chapter 3 we look at other loop filters; they 
also result in a second-order PLL. 


2—8 STATIC PHASE ERROR WITH A LOOP FILTER 


It is possible to design loop filters with dc gains other than F(0) = 1. Therefore, we will 
need a general expression for the static phase error in terms of F(0). The complete linear 
model (including dc parameters) in Fig. 2—3 is augmented to include the loop filter in Fig. 
2-10. From this signal flow graph, we see that 


Aw, x 6.K aF(s)K, 4% Viol (S)K, 6 5 Vk: 
and the average (dc or s = Q) relation is 


Aw, = 0.KgF(0)K, + VigF(O)Ky — VeoKo 
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Phase . Loop Voltage-controlled 
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Figure 2-10 Full linear model of PLL 


But the static phase error 0,,, is defined as 0, when the PLL is in lock (when Aw, = 0). It 
follows that 


6 


cot Mie V. 


tol/Ka + Veo!KgF(O) (2-27) 

For the particular case of F(O) = 1, this reduces to Eq. (2-11). In Chapter 3, we will 
see how to use an active loop filter to make F(O) essentially infinite so that 0,, is 
unaffected by V, 


co* 


EXAMPLE 2-2 


A PLL has a PD with the characteristic in Fig. 2-1b and a VCO with the characteristic in 
Fig. 2—2a. The input frequency is w; = 12 Mrad/s. Design a loop filter to realize a 
bandwidth of 034, = 0.73 Mrad/s. Find the static phase error. 

From the characteristics, Kz, = 1.27 V/rad, and K, = 2 Mrad/s/V, V, = 2 V, and 
Vg = 2 V (the voltage for which wm, = w; = 12 Mrad/s). From Eq. (2-24), K, = @3qp/ 
KK, = 0.286. From Eq. (2-22b), this is satisfied by Ry = 25 kQ and R, = 10 kQ. First 
we will try a design with no capacitor; that is, F(O) = 0.286. From Eq. (2-27), 6, = 3.93 
radians. But this far exceeds t/2 = 1.57 radians, the limit for which the linear model 
holds. Therefore, the solution is false, and the PLL can’t lock to the input frequency. 

Adding a capacitor to the loop filter will give back the necessary dc gain to let the 
PLL achieve lock. Then F(O) = 1, and Eq. (2-27) gives 6,,, = 0, which puts the PD in the 
center of its range. The value of the capacitor must be chosen to satisfy Eq. (2-25), which 
requires that the resulting zero at w, be less than 0.73 Mrad/s. We choose a factor of four 
less and make w, = 0.183 Mrad/s. Then, from Eq. (2-22d), C = 546 pF. The final 
design is shown in Fig. 2—9a. 
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CHAPTER 


Loop FILTERS 


In Chapter 2 we saw that the PLL bandwidth 
34qB — K,K,K, =K (2-24) 


is determined by the gain K, of the PD, the high-frequency gain K,, of the loop filter, and 
the gain K, of the VCO. Since the PD and the VCO designs are usually less flexible, the 
design of the loop filter is the engineer’s principle tool in determining the bandwidth. We 
also saw from 


6 


cons ae Viggt eg ae V. /KgF(O) (2-27) 


that a large dc gain F(O) of the loop filter is desirable. For a passive filter, the maximum 
de gain is unity. In this chapter, we look at active loop filters that achieve an F(Q) that is 
essentially infinite. In some applications it is desirable to add a high-frequency pole to the 
loop filter. Thus, the engineer has three parameters to choose in designing the loop filter: 
the high-frequency gain K,, the placement of the zero that sends F(Q) to infinity, and the 
placement of the pole. This chapter gives a number of circuits for realizing the filter 
design. It also analyzes the response of the PLL in terms of the loop filter’s parameters. 
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3—1 ACTIVE LOOP FILTER 


The design of an active loop filter begins with an amplifier with gain K;, to modify the 
bandwidth of the PLL. This is realized in Fig. 3-1a by an active circuit with gain —K, = 
—R./R,. (For a review of op amp circuits, see Kennedy.[1]) When realized by a passive 
voltage divider (as in section 2-6), K, was necessarily less than unity. This is no longer so 
with an active loop filter, but in practice, most PLL designs call for’ A, 


Amplifier 


Integrator 


(b) 


Vg Ve 
F(s) 


F(s) r=, se 


Kp=R2/R;, w2=1/R2C 
(c) 


Figure 3-1 Model of proportional-plus-integral loop filter (or ‘‘active’’ filter) 
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The second part of the loop filter design is to realize infinite gain at de by an 
integrator, as in the circuit in Fig. 3-la. By summing the output of the amplifier 


Vo = K, V4 


with the output of the integrator 


we get the complete control voltage 


l 
ome Vy ay 2 ad Glee Se fivj dt (3-1) 


as diagrammed by the signal flow graph in Fig. 3—1b. 
The corresponding Laplace transform for this relation is 


ee ae Kiva IF (1/R,Cs)vy . (3-2) 


At high frequencies (s — ©) the second term goes to zero, and the gain K, dominates. At 
dc (s = 0), the second term goes to infinity, and the gain I/R,Cs of the integrator 
dominates. The complete gain F(s) of the loop filter is therefore 


l S + WW 


F =:K, + as 3-3 
(s) h RCs h a (3-3) 
where 
Kee ho RY Oo) 
Dey se eleAe. | (3-5) 


The frequency response of the F(jw) given in Eq. (3-3) is plotted in Fig. 3-2. As w goes to 
zero, the magnitude of F(jw) goes to infinity, as desired. For w greater than the break due 
to the zero at @,, the magnitude is about K,,. 


FiGurE 3—2 Frequency response of active filter 
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3—2 STATIC PHASE ERROR WITH ACTIVE LOOP FILTER 


A block diagram of the complete PLL including an active filter is shown in Fig. 3-3. It 
emphasizes the three main parts to the design of a PLL. This chapter deals with the loop 
filter, and the next two chapters deal with the phase detector and the VCO. 

The linear model of the PLL in Fig. 3-3 has already been given in Fig. 2—10; it is 
repeated here in Fig. 3-4. In Fig. 2-10, F(s) represented a passive loop filter. Now it 
represents any form of loop filter, including an active one. An analysis of the linear model 
showed that the static phase error is 


6 =a VK =F V.o/K af (0) (3-6) 


Now, V,,. is the VCO control voltage necessary to bring the frequency w, equal to the 
input frequency w,; in lock. Therefore, V,. is not a property of the VCO alone; it depends 
on w, in the particular application. For the designer to be in control of 6,,, it is usually 
important that 0,, not be a function of V.. For an active loop filter, F(O) = ™, and Eq. 
(3-6) becomes 


G2. iA hey doles (3-7) 


The disappearance of V,, can be explained from a circuit standpoint by considering the 
loop filter circuit in Fig. 3—1a. During lock acquisition, the integrator accumulates enough 
charge on the capacitor to provide the control voltage v. = V., needed by the VCO when 
in lock. This is the v, component of v.. Once the PLL is in lock, v,, the average of v., 
must go to zero so the integrator stops charging. Averaging Eq. (2-4) gives 


Vg = 0K taeda = esa ae ar 


which leads immediately to Eq. (3-7). 

The remaining contributor to 6,, in Eq. (3-7) is V,,. This is the free-running voltage 
of the PD when there is no signal at the PLL input. In Chapter 11, it will be shown that 
designing for 0,, = O improves the purity of a synthesized frequency. From Eq. (3-7), 
this translates into the desirability of designing for V,, = 0. We will see in Chapter 8 that 
acquisition is easier when V,, = 0. In any case, a basic PLL design consideration is to 
keep the free-running PD voltage near zero: 


Vio ~ O (desired) (3-8) 


Phase Va Active Vo Voltage- 
detector loop controlled 
- filter - oscillator 4 


FicurE 3-3 PLL with loop filter 
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PD LF VCO 


Figure 3—4_ Linear model of PLL 


For this reason, V,, is also called the phase detector offset voltage. The next section 
suggests some loop filter designs to help the PD achieve V,, ~ 0. 


3-3 ALTERNATIVE ACTIVE LOOP FILTER DESIGNS 


The circuit in Fig. 3—1a is a direct way to realize a proportional-plus-integral loop filter. 
The signal v, is proportional to v,, and v3 is the integral of v,. A simpler way to realize this 
function is shown in Fig. 3—5a, where v, and v3 are added by placing R, and C in series. 
The only difference is that there is a sign inversion; the transfer function is now — F(s). To 
be consistent, our convention is that the input to the active loop filter is —v, so we still 
have v. = F(s)vq. 

In order to maintain negative feedback for the stability of the PLL, the inversion in 
an active loop filter must be accompanied by either a negative PD gain — K, or a negative 
VCO gain — K,. Since the sign of the PD gain is easily reversed by reversing the v; and v, 
inputs, we will assume throughout this text that an active loop filter is coupled with a PD 
with gain — Kz, where K, is always positive. Correspondingly, the VCO gain K, is always 
assumed to be positive. 

The PD characteristic in Fig. 3—S5a has vz = O for 0, = 0; that is, V,, = 0. This is 
desirable according to Eq. (3-8). In practice, V,,, will not be exactly zero, of course, but a 
phase detector used with an active loop filter should have a V,, that is nominally zero. 

Suppose that a PD produces a nonzero voltage V,,, for 8, = 0, as in Fig. 3—5b. This 
characteristic can still be used with an active loop filter if the op amp is referenced to V, 
rather than ground. Then the PD voltage is effectively 


Vile Vie, (3-9a) 
and the voltage for 0, = 0 Is 


(3-9b) 


R; 


—Vq Y 
c 


Kp,p=Ro/R;, w2=1/R2C 


(a) 


Va=V-—Va 


(b) 
Va 
Vao 
De 
Vb 
Vb0 
Vg=Vp-— Va 
De 


(c) 


Ficure 3-5 Active loop filters using one op amp 
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Now we can set V,, = 0 by choosing V, = V,,. 

There is always some error in realizing V, = V,,. Therefore, it is better to take 
advantage of a natural balance when it is available. Some phase detectors produce a 
voltage v, and its complement v,, as shown in Fig. 3—Sc. Then if the PD voltage is taken 


as 
Va = Vp > Va (3-10a) 
the voltage for 0, = O is 
Vi Ve Va, (3-10b) 


The symmetrical design of a PD producing v, and v, tends to provide a good match 
between V,,, and V,,,, which reduces V,,,. The transfer function F(s) is the same as that for 
the filter in Fig. 3—5a when the values of R,, R», and C are the same. The penalty is that 
the circuit in Fig. 3—Sc uses twice as many resistors and capacitors. 


3—4 ACTIVE LOOP FILTER OFFSETS 


In accord with Eq. (3-8), we try to keep the PD free-running voltage V,, as small as 
possible. Therefore, V,,, 1s also referred to as the phase detector offset voltage. But the 
loop filter, now with an active component, contributes its own share of offset to vy. 

Consider the loop filter in Fig. 3—6a. This is the same as the filter in Fig. 3—5b but 
with an extra resistor R, to mitigate the effect of the input bias current of the op amp. Let 
the input offset voltage of the op amp be Vj, (this is the dc voltage that appears across the 
input terminals of the op amp). Let the input offset current of the op amp be /7, (this is the 
difference of the dc currents /,, and /,, into the two input terminals of the op amp). It can 
be shown that these offsets effectively add a dc voltage Vig + Ij oR, to vy, as the signal 
flow graph in Fig. 3—6b represents. The dc offset V, — V,,, 1s contributed by the error in 
setting V, = V,,, [see Eq. (3-9b)]. Our convention will be to combine the dc sources and 
label the whole as the PD offset voltage: 


Vito a (Ve ri Vie Aj Vio a3 Tio R | (3-1 1a) 


This is represented by the signal flow graph in Fig. 3—6c. Note that the PD is now 
considered to be responsible for all de offsets, even those originating in the loop filter. 
Although this doesn’t correspond with the physical circuit, it simplifies our notation and 
analysis. 

For the balanced loop filter in Fig. 3—Sc, the expression for PD offset voltage is 
similar. Combining Eq. (3-10b) with the op amp offsets: 


Vie = (Vio re V8) ae Vio of Tink, (3-11b) 
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ho=!/g1 —!82 


Vio = V-— Va0 + Vio+ Ry/ 
2 PLS HOU BD Figure 3-6 Offset voltage with an 


(c) active filter 


Typical specifications for an op amp are |V,9| = 5 mV and |/,.| = 20 nA. Laser- 
trimmed op amps are available with |V,,| < 0.1 mV, and FET-input op amps typically 
have |J,o| = 1 nA. 


3-5 PLL FREQUENCY RESPONSE 


We form the ac model for the PLL (see Fig. 3—7) by eliminating the dc parameters from 
the linear model in Fig. 3-4. This is the same as the model in Fig. 2—9b, but now F(s) is 
the response of an active loop filter given in Eq. (3-3): F(s) = K,(s + w )/s. The forward 
gain of the PLL is given by 


KF (s)K,/s ce KiK,K,(s de Ww>)/s° 
K(s + od )/s? (3-12) 


G(s) 
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FiGurE 3—7 ac model of PLL 


where 
kK = K. dK, nk. Oo 


The magnitude of G(jo) is plotted in Fig. 3-8. Let the closed-loop phase transfer function 
be represented by H(s). Then from Eq. 2-13, 


H(s) = 9,(S) = G5) a ai Ks Ko. (3-13) 
0(s) Les) s+ Ks + Ko, 


For w, < K, it is roughly true that |H(jw)| follows the lower of unity and |G(jw)|, as 
illustrated in Fig. 3-8. There is some peaking in the response, but this becomes less the 


|G| 


G(s) =KyFls) Kp/s 
K=KgK,Ko 


_ _ Gls) 
j 1+ G(s) 


FigurE 3—8 Frequency response of PLL 
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farther w, is to the left of K. As we found for the passive loop filter in Chapter 2, the 
active loop filter causes a second-order polynomial in s in the denominator, and the PLL is 
a second-order phase-locked loop. 

The active loop filters shown in Fig. 3—5 and the corresponding transfer function in 
Eq. (3-13) serve in most PLL applications. Passive loop filters (see Fig. 2—9a) are used in 
some integrated PLLs, such as the National NE564 and the Exar XR-210, but a better 
performance can always be obtained using an active loop filter in a custom PLL design. 
Therefore, all PLL applications in the following chapters use an active loop filter*. 

The expression for H(s) in Eq. (3-13) is in terms of K and w,. These two parameters 
are easily identified in the frequency responses (see Fig. 3—8), and they are easily related 
to the PLL components [see Eqs. (2-24) and (3-5)]. We mention in passing an alternative 
expression the reader will often encounter in other PLL literature. It expresses H(s) in 
terms of a damping ratio C and a natural frequency w,,. Equation (3-13) can be expressed 
as 


2fw,5 + w,” 


FI 3) ee 
(s) s* + 26w,5 + ,” 


(3-14) 


where 


{ = 0.5/Kla,, w, = [Koy (3-15) 


This notation is derived from common usage in control theory, but it can be misleading. 
When w, << K (when ¢ >> 0.5), the response |H| hardly depends on w). But w,, is 
always a strong function of w,, giving the impression that the bandwidth always depends 
on @>. (Note that w,, the geometric mean of K and 5, is halfway between them on a log 
frequency scale.) 

Let the frequency for which |H| is a maximum be called the peaking frequency w, 
(see Fig. 3-8). We can find w, by setting (d/dw)|H(jw)|? = 0 and solving for w, where 
H(jo>) is found from Eq. (3-13). The result is 


Wri WAN Gs tae) ee) | (3-16) 
Let the peak value of |H| be H, = |H(jw,)|. From Eq. (3-13) and Eq. (3-16), this gives 


ec Maceo = 26° 4 260 4 oF) 7 (3-17) 
where 
a = w,/K 


These expressions for w, and H,, don’t lend much insight. Therefore, we give some 
approximations that hold for each of three different cases. The overdamped case is w>/K 


* There are other types of active loop filter. In particular, a loop filter with two integrators 
provides zero phase error during a ramp of the input frequency. It makes the PLL a third-order 
phase-locked loop. This specialized application is beyond the scope of this book; ‘‘active loop 
filter’? will always mean the loop filter shown in Fig. 3-5. 
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TABLE 3-1 PEAKING PARAMETER APPROXIMATIONS 


Damping w>/K ®), H, 
Over <0.25 1£20577K 1 + w/K 
Critical 0.25 1.40, 1.15 
Under =0.25 \Ko> \O)9/K 


< 0.25, the critically damped case is w/K = 0.25, and the underdamped case is w,/K > 
0.25. The corresponding approximations for w, and H,, are given in Table 3-1. 

We will be most interested in the overdamped and critically damped cases. The 
actual values of w,/K (the normalized peaking frequency) and H, — 1 (the peaking 
excess) are plotted in Fig. 3-9. These curves are compared with the approximations for 
overdamping (see the dashed curves in Fig. 3-9). For w,/K < 0.1, it holds within 10% 
that w,/K ~ 1.2(,/K)*, or 


Wy ~ 1.20°"K'" (3-18) 
and it holds within 30% that H, — | ~ w)/K, or 
fal, tag VS MOE (3-19) 


Equation (3-18) says that w,, is about a quarter of the way from @, toward K on a log axis 
(see Fig. 3-8). 


w2/K > 


FicurE 3—9 Peaking parameters H,, and w,, 
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3—6 PLL STEP RESPONSE 


The response at 0, to a unit step of phase at 0, is found by taking the inverse Laplace 
transform of H(s)/s, where H(s) is given in Eq. (3-13). The results for some selected 
dampings are given in Eq. (3-20). 


For w, = 0, Gag en a (3-20a) 
for w=. Ki4,.- 6):=\d¢—cen??* 1, =.0.5KD (3-20b) 
fOr), = Ki, 6, = 1 — e °°4"cos 0.866Kt — 0.577 sin 0.866K?) (3-20c) 


Figure 3—10 plots these responses as well as those for some other dampings. Note that as 
w, gets closer to K, the overshoot increases. The amount of overshoot is plotted as a 
function of w,/K in Fig. 3—-1la. For example, the overshoot is 13% for @,/K = 0.25. The 
position of the peak of the step response along the normalized time axis Kt is plotted in 
Fig. 3-11b as a function of w,/K. For example, the peak is at Kt = 4.0 for w,/K = 0.25. 
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Ficure 3-10 Step response of PLL 
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(b) Figure 3-11 Overshoot parameters 


It would seem from the step responses that it is always best to make w, as low as 
possible. This slows the response only slightly, and it makes the system very stable, 
avoiding overshoot. However, from Eq. (3-5) this requires a large capacitor, and we will 
see that a larger capacitor takes longer to charge during lock acquisition. Therefore, a 
good rule of thumb is to make w, = K/4 when peaking is not critical; this assures fast 
acquisition. Chapter 10 looks at an application with many tandem PLLs. In that case, 
peaking of the frequency response is more of a problem than acquisition time, and @, is 
selected to limit the peaking to some small value. 
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3—7 LIMITED LOOP FILTER BANDWIDTH 


In Fig. 3-2, we assumed the response of the loop filter has a gain of K;,, from all the 
way out tow = ©. In practice, the response |F(jw)| of an active loop filter rolls off at 


some frequency 3, as shown in Fig. 3-12. The expression for the filter’s transfer 
function is 


|F| 


S+ 2 
S(s/w3 + 1) 


F(s) = Kp 


K, -———_———-=— 


(a) 


S+w2 
G(s) = K ——_——_- 
IG| Vf) 2ieVase ti 
_ G(s) 
H(s) = T+ Gls) 


Figure 3-12 Frequency response of (a) 
active loop filter, and (b) corresponding 
PLL phase transfer function H 


(b) 


Sec. 3-7 Limited Loop Filter Bandwidth 39 


Si W> 
Fisk ea : 
(Ss) bax 1) (3-21) 


The limited bandwidth of the op amp itself introduces a pole at 


R, 27 
a ODE i= eee ee GIDE 3-22 


where GBP is the gain-bandwidth product. For example, voice-grade op amps typically 
have GBP = | MHz. Then, for K, << 1, w; = 27(1 MHz). High-performance op amps 
such as the Harris HA-2540 are available with a GBP as high as 400 MHz. 

How does 3 affect the transfer function H(s) of the PLL? The forward gain G(s) = 
KF (s)K,/s with the cutoff in Eq. (3-21) is then 


GM Ge 3-23) 
s) = 
s*(s/w3 + 1) 
G(s) Ks + Ko 
Hey Se eee (3-24) 
bete G(s) S:/0)3) HUS” + Ks. FAK @, 


The responses |G(jw)| and |H(jw)| are plotted in Fig. 3-12b, where the additional break 
due to the pole at w; is evident. If w,; > K, then |G(jw)| still crosses unity at o = K, and 
the PLL bandwidth is K. Provided that w is not too close to K, the step response will still 
be about that shown in Fig. 3-10. For the case @, = K/4 and w3; = 4K, it can be shown 
the step response is 


= “= (0s! = 
6, — | — 3e Kt ie 0.382Kt Ere 2.6!18Kt 


This response is plotted versus normalized time Kt in Fig. 3-13. The overshoot is now 
18% (compared with 13% for the case w, = K/4 and wo; = ©). Therefore, a good rule of 
thumb is to keep m3 = 4K, and then it can be roughly ignored in the analysis of the PLL 
response. The choice of w3 1s also influence by the desired acquisition range (see section 
8-3). 

In some applications, it is desirable to purposely introduce a cutoff at some lower 
«3. One method for implementing this is shown in Fig. 3-14. The resistor R, has been 
split in two, and a capacitor C; bypasses to ground the frequencies above 3. The relation- 
ship is 


WU 4/R C3 (3-25) 


As before, we still have K, = R,/R, and o, = 1/R,C 

The introduction of a pole at w3; may be necessary to suppress high-frequency 
components that the op amp cannot handle. The op amp, through feedback, must be able 
to maintain = 0.3 Vp-p at its input to avoid overloading its input stage. In Chapter 11 we 
will see that w, can be used to reduce phase jitter of a synthesized frequency. 
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Figure 3-13 PLL step response with pole at w, 


Figure 3-14 Active loop filter with 
Kp=R2/R;, w= 1/R2C, w3=4/R,C3 lowered W3 


EXAMPLE 3-1 


The input frequency to a PLL is w; = 52 Mrad/s. The desired PLL bandwidth is K = 50 
krad/s, and the peak response is to be H, = 1.01. The PD and VCO characteristics are 
those shown in Fig. 3—15a and b. The op amp specifications are Vig = S mV, lig = 20 
nA, and GBP = | MHz. The capacitor value C is.to be kept less than 0.2 wF (small 
enough not to be polarized). Compare designs using (a) an unbalanced active loop filter, 
(b) a balanced active loop filter, and (c) a passive loop filter. 

(a) The PD has balanced outputs v, and v, available, but suppose we use only v,,. 
Then the op amp must be referenced to V, = V,,, = 2.5 V, as in Fig. 3—15c. Since vy = 


10 
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Wo 4, (rad/s) 


(a) (b) 


640 ka 10KQ 0-2 HF 


310 kQ 310 kQ 
Vp Ve Vp Vo 
R, Ro 
Ro D> 10 ka Ry > 10 kQ 
C an 0.2 pF PG al 0.0125 pF 
(e) (f) 


Ficure 3-15 Characteristics and loop filters for Examples 3—1 and 3-2 


2.5 V — v,, then K, is the negative of the slope of the v, curve: Ky = 5 V/27 rad = 0.8 


a? 


V/rad. The VCO gain is K, = (10 Mrad/s)/5 V = 2 Mrad/s/V. But K = K,K,K,. 
Therefore, K, = K/K,K, = 0.0313. From Eq. (3-19), H, ~ 1 + w)/K. Hence 


w, = (H, — I)K = 0.01 K = 500 rad/s 


Since w, = 1/R,C, choosing C as large as possible will allow R, and R, to be as small as 
possible. According to Eq. (3-11a), this will reduce V,,,. Therefore, we choose C = 0.2 
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wF. Then R, = 1/w,C = 10 kQ. Now, K;, = R2/R,, soR, = Ro/K, = 10k0/0.0313 = 
320 kQ.. From the VCO characteristic, the static control voltage is V,,, = 1.0 V; this is 
provided by charge on the capacitor built up during lock acquisition. Suppose V, matches 
Vo to within +5%. Then V, — V,, = 0.05 X 2.5 V = 125 mV, and from Eq. (3-11a), 
Vie = Ves Vad +t Vig + liok; = 125. mVis">mVi + 6.4 my.=— 150-4 Veo 
Eq. (3-7), 0.5 = —VaolKa = 0-171 radians, or — 10 deg. From Eq. (3-22), w3 = 6.1 
Mrad/s. This is so much greater than K that it has virtually no effect on the PLL response. 

(b) Now we will use both v, and v, outputs of the PD and apply their difference to 
the loop filter in Fig. 3—-15d. Then v, = v, — v,, and K, is the difference of the slopes of 
the two curves: K, = 0.8 V/rad — (—0.8 V/rad) = 1.6 V/rad. Since K, is now greater, 
K,, must be reduced to maintain K = 50 krad/s: K, = K/K,K, = (50 krad/s)/(1.6 V/rad x 
2 Mrad/s/V) = 0.0156. As before, w, = 0.01K = 500 rad/s, and R, = 10 kQ still. Now 
R, = R,/K, = 10kQ1/0.0156 = 640 kQ. Suppose V,,, matches V,,, within 2%. Then V. 


ao dao 


— V,, = 0.02 2.5 V = 50 mV, and from Eq. (3-11a), Vag = (Vao — Veo) + Vig + 
TioR; = 50 mV + 5 mV + 12.8 mV = 67.8 mV. From Eq. (3-6), 9., = —Vao/Ka 
= —0.042 radians, or about —2.4 deg. This is about a factor of four better than the 
previous design. 

(c) If we use a passive loop filter, we must use the PD characteristic v, with a 
positive slope Kz = 0.8 V/rad. Then, as for the filter in Fig. 3—15c, K, = 0.0313. The 
components of the passive filter in Fig. 3—15e have the relationship w, = 1/R»C, so Ry = 
10 kQ as before. But now K, = R,/(Ro + R>) rather than K, = R,/R,. Then Ro = R, — 
Ry = 320kQ — 10kQ = 310kQ. Since V,, = 2.5 V, V.,, = 1.0 V, and F(O) = 1, Eq. 
(2-27) gives @,, = —Vao/Ka + Veo/KgF(O) = — 1.88 radians, or — 107 deg. Although 
this is a large static phase error, it is acceptable in some applications such as FSK 
demodulation. Then the simpler passive loop filter here might be preferable. 


EXAMPLE 3-—2 


Repeat Example 3-1 replacing the requirement that H,, = 1.01 with the requirement that 
the step response have 10% overshoot. 
From Fig. 3-11, a 10% overshoot requires w,'/K.= 0.16, or 


Ww,’ = 0.16 K = 8 krad/s 


This is 16 times the value of 500 rad/s in Example 3—1. This can be realized by reducing C 
to C’ = 0.2 wF/16 = 0.0125 pF in each filter design. Since the bandwidth doesn’t 
change, all other component values stay the same, and the values of @,,, are the same. For 
example, the passive filter would be that shown in Fig. 3—I5f. 
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3-8 PHASE ERROR RESPONSE 


We have developed the transfer function H(s) to find 0, in response to the input 6;. It will 
also be useful to find the phase error 6, at the PD in response to 9,. In particular, if 6, is too 
large, it will exceed the linear region of the PD characteristic, and the PLL may lose lock. 

By definition, the phase error is 6, = 6; — 6,. Therefore, the transfer function from 
0; to 6, 1s given by 


AS heh pant nd Pk A REN eae ee é 
45) = | BG lsHi(5) (3-26) 


This transfer function is usually represented by H,. With Eq. (3-13), this can be expressed 
as 


ED Sel ee a EN Ler Pape ane, Sy (Cette ER : 
O(s) sca arene ch oe PGs) 1 + G(s) Se 


where G(s) is given in Eq. (3-23). It can be shown from Eq. (3-27) that |H,| follows the 
lower of unity and |1/G|. Figure 3-16 shows frequency responses of |1/G| and |H,|. (Note 
that the |1/G| curve is simply the |G] curve in Fig. 3-12 flipped about the unity-gain line.) 


Figure 3-16 Phase error response 
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(a) 


6, for 0., = — 1.88 
epee PD linear 


(b) 


FiGurE 3-17 Phase error in Example 3-3 


It is apparent that |H,| is a high-pass response with cutoff at w = K. This amounts to the 
fact that at low frequencies 6, tracks 6; well, and there is little phase error. 

If w; > 4K, the pole at w3 can usually be ignored in the analysis. Then the 
expression G(s) = K(s + «>)/s? in Eq. (3-12) can be used, and 


0. It se 


= = (3-28) 


A(s)= 2 
6, ii G(s) Ss + Ks + Kod» 
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EXAMPLE 3-3 


A PLL has K = 50 krad/s and w, = 500 rad/s, and the modulated input phase is 6; = 10 
Sin @,,¢, where @,, = 15 krad/s. The PD characteristic is that shown in Fig. 3—15a. Find 
@., and compare the performance of the PLL when @,,, = O with the performance when 
0., = —1.88 radians. 

The response |H,| is sketched in Fig. 3-17a for the given values of K and os. 
Evaluating Eq. (3-28) at the frequency of the phase modulation yields H,(jw,,) = 
0.287/73 deg. Then the amplitude of 0, is 0.287 < 10 radians = 2.87 radians. For 6, = 
0, the waveform is centered on the ¢ axis, as shown in Fig. 3—17b. The peak values of 6, 
are less than 7, so the operation stays in the linear range of the PD (see Fig. 3—15a). If 6.., 
= —1.88 radians, the waveform is shifted down so the negative peak of 0, is —2.87 


— 1.88 = —4.75 radians (see Fig. 3—17b). Since this exceeds —1, the linear analysis 
doesn’t hold, and the PLL loses lock. 
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CHAPTER 


4 


PHASE DETECTORS 


The linear model we have established for a phase detector (PD) is 
» dau K,0. = Vito (4-1) 
where K, is the PD gain, 0, is the phase error of the VCO output relative to the input 
signal, and V,,, is the offset voltage or ““free-running voltage.’’ This linear model breaks 
down for large enough @.. The values of 6, for which the linear model is valid are called 
the range of the PD. 
A variety of devices, both analog and digital, can be used as PDs. We will compare 


them on the basis of range, offset, and gain. All of them can be thought of as multipliers in 
some sense. 


4—1 FOUR-QUADRANT MULTIPLIERS 


A multiplier acts as a PD through the trigonometric identity 
sin(A)cos(B) = 0.5 sin(A — B) + 0.5 sin(A + B) (4-2) 


47 
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Let the inputs to the multiplier be 


Vine V;sin(w,t) (4-3a) 
v, =: V,cos(w,t — 0.) (4-3b) 

The output of the multiplier is 
Va ra KiViVe (4-4) 


where K,, is a constant associated with the multiplier. This is represented by the signal 
flow graph in Fig. 4—-la. The units of K,, are necessarily volts ' so that ¥, will have the 
dimension of volts. Then by Eqs. (4-2), (4-3), and (4-4), 


Vi = 0.5K,,V;V,sin(@,) + 0.5K,,V;V,sin(2w,t — 0.) (4-5) 


Figure 4-1 plots v, for 0, increasing linearly with time. The two terms in Eq. (4-5) are 
evident as two sinusoidal components. For a constant 6,, the output of a PD should be 
constant according to Eq. (4-1). But the second term of Eq. (4-5) varies with a frequency 
2w,. In most PLL applications, this frequency is high enough that the second term has no 
effect, or the second term is removed by a filter. In any case, the first term is considered to 
be the output v, of the PD: 


Vq = 0.5K,,ViV,sin(@,) (4-6) 
Thus, the symbol v, we have been using for the output of a PD is actually the average of 
the complete output v,. This average is taken over a long enough period to eliminate the 
2w; Component, but not so long as to affect the relationship in Eq. (4-6) when @, is a 
function of time. The accepted convention is to speak of v, as the PD output voltage, but 
the designer should not completely lose sight of the second term in Eq. (4-5). Its 


frequency w,—the detector frequency—is twice the input frequency ,. 
The notation in Eq. (4-6) can be simplified as 


se iar VamSin(6,) (4-7) 
where the maximum value of v, is 
Vim = 0.5K,V;V, (4-8) 


This sinusoidal characteristic is shown in Fig. 4—Ic. For small values of 6,, sin(@,) ~ 6,, 
and 


v, = 0.5K,,ViV,0. (4-9) 


Comparing Eqs. (4-1) and (4-9), we see that the PD gain for small values of 9, is 
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Ficure 4-1  Four-quadrant multiplier phase detector with sinusoidal inputs 


K, = 0.5K,,V,V, (4-10) 


Note that the PD gain depends on the amplitude of the input signals; it is not a property of 
the circuit alone. 

The waveforms of a four-quadrant multiplier are illustrated in Fig. 4—-lb. The 
adjective four-quadrant refers to the ability of the multiplier to handle both positive and 
negative values at both of its inputs. 
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4—2 GILBERT MULTIPLIER 


One common implementation of a four-quadrant multiplier is the Gilbert multiplier circuit 
[1] shown in Fig. 4—2a. Here, v, splits the current / to the left as 7, or to the right as i, 
according to the characteristic shown in Fig. 4—2b. The current 7, is split in turn by v; 
according to the characteristic shown in Fig. 4—Ic. A similar characteristic holds for 1). 
The four resulting currents are combined to produce 


0p Mig ig\Ry = olig. Al is)Ro 


= (4 se l6 oy 13 mp3 1s)R 


where nominally R,; = R, = R. (In practice, of course, R,; and R, are not exactly 
the same.) If v; and v, are kept in the linear region of the characteristics in Figs. 4—2b and 
4—2c (amplitude less than 52 mV), it can be shown that 


Va e KinViVo 
where 


K Gee RING? mV (4-11) 


A mismatch in the transistors can cause input offsets V;9 of a few millivolts that add to v; 
and v,. Similarly, a mismatch between R, and R, causes an offset 


Voo == (R, me? R,)l/2 (4-12) 


to be added to the output. These relationships are summarized in the signal flow graph in 
Fig. 4—2d. The total expression for the output is 


Va = Kilvi + Vio) Ve + Vio) + Voo 
= "Kiva thal Viovi te Viole vio) + woe 


Taking the time average [as when we went from Eq. (4-4) to Eq. (4-7)], 
Vans V amsin(8,) a KnVio ia Voo 
The dc terms can be combined as an effective offset voltage at the PD output: 


Vie = KnVio + Voo (4-13) 
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Figure 4—2 Four-quadrant multiplier circuit 
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EXAMPLE 4—1 


The Gilbert multiplier circuit in Fig. 4—2a has ] = 2 mA and R = 5 kQ). R, and R; differ 
by 2%, and Vip = 5 mV. Find V,, and the maximum Ky. 

From Eq. (4-11) and Eq. (4-10), K,, = (10 V)/(52 mV)* = 1/(0.27 mV) and K, = 
V,V,/(0.54 mV). Unfortunately, K, is not a property solely of the circuit but depends on 
the input levels. The maximum K, corresponds to V; = V, = 52 mV, the largest signals 
for which Eq. (4-8) holds. Then Ky, = (52 mV)7/(0.54 mV) = 5.0 V/rad. 

From Eq. (4-12), Vog = (0.02R)I/2 = (100 Q)2 mA/2 = 100 mV. Also, 
K, Vio = (5 mV)’/(0.27 mV) = 93 mV. Then by Eq. (4-13), the total offset is 
Vio = 93 mV + 100 mV = 193 mV. 


4—3 PHASE DETECTOR FIGURE OF MERIT 


Is the V,, = 193 mV in Example 4—1 a large offset? It depends on how much useful 
voltage v, the PD is capable of producing per radian, which is its gain Ky. Therefore, the 
ratio K,/V,, 1S a meaningful indication of how small the offset is. We will call this the 
figure of merit M of the PD: 


M= Kd Vigo (4- 14) 


From Eq. (3-7), M = 1/0.,, with an active loop filter, where 0,,, is the static phase offset. 
In Example 4-1, M = (5 V/rad)/(193 mV) = 26. A PD should reasonably be expected to 
have M = 15, and M as high as 500 is possible with careful matching. 


4—4 DOUBLE-BALANCED MULTIPLIER 


Another form of four-quadrant multiplier is shown in Fig. 4—3a. This circuit is called a 
diode ring mixer or sometimes a double-balanced mixer (a mixer is a multiplier). Unlike 
the multiplier in Fig. 4—2a, this circuit consists entirely of passive components. This 
allows it to operate at frequencies as high as 26 GHz, such as the DMS1-26A manufac- 
tured by Anzac. [2] 

The circuit operates with any shape of waveforms, but its operation is most easily 
analyzed if one of the waveforms is a square wave, as the v, in Fig. 4—3c. Then v, may be 
considered a switching voltage, turning on either the bottom two diodes or the top two 
diodes depending on the polarity of v,. When v, is positive, the bottom two conduct, and 
v, equals the voltage at the midpoint of the secondary winding of transformer T2, which is 
ground. Then v, = v;, and v7 = 0.5v, = 0.5v;. Similarly, when v, is negative, v, is 
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Figure 4—3 Diode ring phase detector 


effectively grounded, and ¥, = —0.5v;. The resulting waveform of ¥, is shown in Fig. 4— 
3c. As @, increases with time, the average component v, varies sinusoidally, correspond- 
ing to the PD characteristic in Fig. 4—3b. The maximum of the characteristic equals the 


PD gain: 
Vim = Kg = Via (4-15) 


This assumes that both transformers have primary turns equal to secondary turns. For the 
best figure of merit, the signal amplitude V; should be kept high to keep V,,,, high. For the 
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operation as described above, V; should not be so large as to cause a diode pair to conduct. 
This corresponds to V; = 1.2 V for the transformer ratio here. 

With well-matched diodes in an integrated circuit, V,, can be kept to less than a 
millivolt, for a figure of merit M = 400 (see for example the Anzac MD-158). [3] The 
weak link then is usually the active loop filter with perhaps 5 mV contribution to V,,. 
However, high-performance op amps are available with V;g as low as 0.1 mV. 

For further discussion of double-balanced mixers, see the Anzac catalog [4] and 
Clarke and Hess. [5] 


4—5 TRIANGULAR PHASE DETECTOR CHARACTERISTIC 


In applications where noise is not a consideration, it is an advantage to overdrive the 
multiplier. We will see that this maximizes K,, eliminates its dependence on the ampli- 
tude of the PD inputs, maximizes M, and provides a triangular PD characteristic, which is 
piecewise-linear. 

The multiplier PD in Fig. 4—4a models the overdriven condition by a ‘‘slicer’’ at its 
output. This causes the output ¥,, to saturate at + V,,,, for all input signal levels. Since only 
the polarity of the input signals matters now, we represent v; and v, as square waves in 
Fig. 4—4b. As @, increases linearly with time, the average component v, increases and 
decreases linearly. The result is the triangular PD characteristic shown in Fig. 4—4c. The 
characteristic is linear for —0.5m7 < 0, < 0.5a7, and the PD gain is 


Ky == V ipy/0.571 (4-16) 


The output ¥,, shown in Fig. 4—4b, has an average component vy. It also has a high- 
frequency square wave component whose duty cycle depends on @,. This square wave, 
which is not a desired part of the output, has a fundamental frequency (the detector 
frequency @,) that is 2w,. 

The characteristics for the four-quadrant multiplier in Fig. 4—2b and Fig. 4—2c show 
that the circuit is overdriven when v, and v, exceed 52 mV. For v; > 52 mV and v, > 52 
mV, all of the current / is directed through R, in Fig. 4—2a; there is no current through R>. 
Therefore ¥, = RI, which is its maximum value: 


Vigtt ee (4-17) 


From Eqs. (4-16) and (4-17) we have the PD gain K, = 2RI/1, which no longer depends 
on V; and V,. It is also true that mismatches in the transistors do not contribute to Vj. 
However, as we will see, asymmetry of the square waves effectively causes some Vo. 
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Ficure 4—4 Four-quadrant multiplier phase detector with over-driven inputs 


4—6 EXCLUSIVE-OR PHASE DETECTOR 


An exclusive-OR logic circuit is essentially the same as an overdriven multiplier circuit. 
When overdriven, the multiplier output is saturated at either a positive value, correspond- 
ing to a logic ‘‘high,’’ or a negative voltage, corresponding to a logic ‘‘low.’’ For a 
multiplier, the output ¥, is positive when both inputs v; and v, are negative or both are 
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TABLE 4—1 MULTIPLIER TRUTH TABLE 


V; Vo Vq 
— - + 
ue ak sot 
+ Bice — 
+ + + 


positive, and v, is negative when one input is positive and the other is negative. This is 
summarized in Table 4-1. Compare this with the truth table for an exclusive-OR/NOR 
circuit in Table 4—2. (The exclusive-OR/NOR symbol is shown in Fig. 4—5a.) The V;, in 
Table 4—2 represents the logic ‘‘high’’ voltage, and V, represents the logic ‘‘low”’ 
voltage. It is clear that an overdriven multiplier is essentially an exclusive-NOR with 
‘*+°? corresponding to logic ‘‘high’’ and ‘‘ —’’ corresponding to logic “‘low.’’ Then an 
exclusive-OR/NOR can be used as a PD, and the PD characteristic is triangular, as it was 
for the overdriven multiplier in Fig. 4-4. 

In order to obtain an output v, that is both positive and negative, it is usual to use the 
balanced output ¥, = v, — ¥,, where Vv, is the exclusive-OR output and Y, is its 
complement. The characteristics for the average voltages v,, v,, and v, as functions of 6, 
are shown in Fig. 4—5c. The voltages corresponding to 6, = O are 


Via; FF Vins ei (Vi =i V)/2 (4-18) 
and the maximum v, is given by 
Von = Vi oe Vi (4-19) 


Alternatively, the v, characteristic can be used together with a V, = V,,,, as in Fig. 3—5Sb. 
Then V,,, = (Vy — V;,)/2. 

Again, the advantages of using the digital exclusive-OR as a PD are greater K,, less 
Vio, and greater linear phase range. However, the nonlinearity of the digital circuit 
aggravates the effect of noise, as we will see in Chapter 6. 

So far we have assumed the square waves at the input are symmetrical—that is, they 
have a 50% duty cycle. Suppose that v; has a duty cycle of 6; = 0.5 and v, has a duty 


TABLE 4—2 EXCLUSIVE OR/NOR TRUTH TABLE 


Vj Vo Va Vp 
Vv, V, Vi Vu 
Vv, Vy Vin Vv, 
Vy V, Vi Vi 


Vi Vy Vi Vy 
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Figure 4-5 Exclusive-OR/NOR as a phase detector 


cycle of 6, = 0.4, as in Fig. 4—6b. The effect of 6, 4 0.5 is to produce a nonzero free- 
running voltage and to reduce V,,,, of the PD characteristic. 

The free-running voltage V,, is defined as the PD (average) output voltage when 
there is no input at v;. For a logic signal, this means that v; is always ‘‘low,”’ or v; = V;,. 
Then ¥; = Vy — V;, when v, = V,, and ¥, = V, — V, when v, = V,. Therefore, the 
average of V, is 
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FicurE 4-6 Exclusive-OR phase detector with 5, # 0.5 


Vato 
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(4-20) 
ld 525.) Vin Van) 


Note that V,, is not zero for 6, # 0.5. 

The other effect of 5, 4 0.5 is to reduce V,,,,. Because v; and v, no longer have the 
same waveform, there is no phase for which they exactly match each other and produce 
vy = Vy — V,-. The best match is when v, = Vy occurs only during the time v; = Vy. 
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Figure 4—6b shows three phases for which this is true. In all cases, the average of ¥, is the 
same: v, = 0.8(V;, — V,). This is also the maximum of v,, so V,,, = 0.8(V;, — V,) for 
6, = 0.4. In general, 


Vam = (1 til [1 it 26,|) (Viz = Vi) (4-21) 


For 6, # 0.5, this is less than the Vy,, given by Eq. (4-19). The PD characteristic in Fig. 
4—6 shows that the peak of the function has been truncated; for 6, = 0.4, the function is 
flat for 0.3m < 6, S 0.577. The PD gain, however, is not a function of 6,: 


K, = (Vy — V,)/0.57 (4-22) 


This agrees with Eqs. (4-16) and (4-19) for the case 6, = 0.5. 


4-7 TWO-STATE PHASE DETECTOR 


A circuit with two states such as a set-reset flip-flop can be used to realize a PD with a 
characteristic that is linear over a range of +7, as shown in Fig. 4—7d. The two states are 
represented in Fig. 4—7a, where R and V are the two inputs, and the arrow {¢ indicates a 
rising edge on the input. A rising edge on R causes the circuit to go to State 2 (Vv, positive), 
and a rising edge on V causes the circuit to go to State | (¥, negative). The timing diagram 
in Fig. 4—7c shows how the average component v, varies as 0, increases linearly. It rises 
continuously over the whole 27 range, resulting in the ‘‘sawtooth’’ PD characteristic in 
Fig. 4—7d. The gain is 


Ky = V tm! T = (Viz — V,)/1 (4-23) 


The circuit in Fig. 4—7b realizes an edge-triggered set-reset flip-flop. Input v; is 
connected to R, and v, is connected to V. A rising edge on v; causes Q; = Qs), So Vv, Is 
‘‘high’’ (the “‘set’’ state). A rising edge on v, causes Q, = Qj, So Vy is “‘low’’ (the 
Preset — State). 

One advantage of the two-state PD is the increase in the linear range—double that of 
an exclusive-OR PD. Another is that the duty cycles of v; and v, are not important—only 
their rising edges. 

One disadvantage of the circuit is that it is more sensitive to noise than the 
exclusive-OR PD. In effect, the flip-flops remember an error due to noise, while the 
exclusive-OR is memoryless. Another disadvantage is that the high-frequency w, of Vv, 
(see Fig. 4—7c) is only w,; for the two-state PD, rather than the 2w; for the exclusive-OR 
PD. In Chapter 9 it is shown that a lower w; can cause more spurious phase modulation 
because it is closer to the cutoff frequency K of the PLL. 

Our standard definition of free-running voltage V,,, is the v, when there is no signal 
at v;. But for the two-state PD this would result in v, = V,,,,, which is far from the desired 
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value of zero. A more useful definition of V,, when studying acquisition is v, averaged 
over all 0. From Fig. 4—7c, this is given by 


Vas Ze (Vitin re Vim)! 2 


where V,,,, = Vu, — Vzq iS the maximum, and — Vj), = V,, — Vx, is the minimum. 
Then 


Vio a (Vip iy Vita a Vip car Vig/2 (4-24) 


where the second subscript a or b refers to the logic voltage at ¥, or ¥,, respectively. 
Ideally, V;, = 0 when all logic levels are matched. 


4-8 THREE-STATE PHASE DETECTOR 


The concept of an n-state PD may be extended to as many states as desired. The three- 
state PD is widely used because it is simple, has a linear range of + 27 radians, and can 
act as both phase detector and frequency detector. 

A state diagram for the circuit is shown in Fig. 4—8a. Again, states are changed on 
rising edges of R and V—R moving to higher states, and V moving to lower states. 
Suppose the circuit is initially in State 1. Then alternate rising edges on R and V will cycle 
between states | and 2. If V is constantly falling behind R in phase, as in the timing 
diagram in Fig. 4—8c, then eventually there will be two R rising edges without an 
intervening V rising edge. This will take the circuit to State 3, and thereafter it will cycle 
between State 2 and State 3. 

The corresponding PD characteristic in Fig. 4—8d grows linearly over a range of 47 
radians. Thereafter it remains positive, repeating a cycle every 27 radians. If 6, de- 
creases, the characteristic decreases linearly over a range of 4m radians. Thereafter it 
remains negative, repeating a cycle every 27 radians. 

The action of a three-state PD as a frequency detector is now clear. For w; > o,, 0. 
increases with time, and v, remains positive. For w; < @,, 6, decreases with time, and v, 
remains negative. This is a great aid in acquiring lock when the two frequencies are 
initially different. The details of acquisition with a three-state PD are analyzed in Chap- 
ters dS. 

The frequency detector action requires that the PD characteristic be multiple-valued 
(see Fig. 4—8d). This makes it unsuitable in applications where a pulse on v; may be 
missed, causing v, to jump in value by V,,,,. Therefore, a three-state PD can’t be used in 
high-noise situations or for clock recovery from data. The consequences of a multiple- 
valued characteristic are examined further in section 4—13. 

For 6, = 0, the rising edges of R and V are coincident, and the PD remains in State 
2 almost all the time; there are brief excursions to State 1 or State 3 as V or R comes 
slightly earlier. Figure 4—8a shows that in State 2 the output is vy; = vy — Vp = Vi — V_ 
= 0, as desired for 0, = 0. But in practice, the two V;s are not identical, and there is 
some offset: 


oaiae Vip nat Ve (4-25) 
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The maximum v, corresponds to the PD at State 3 almost all the time. There, v, = V,,, = 
V, — V,. Then from Fig. 4—8c the PD gain is 


K, = Vy — V,)2a (4-26) 


One realization of the three-state PD is that devised by Shahriary et al. [6] shown in 
Fig. 4—8b. Suppose vp and v,, are low (state 2) initially. A rising edge on v; causes v,, to 
go high (state 3). Then when a rising edge of v, occurs, both vp and v, are high for an 
instant. Within a couple propagation delays, the AND gate has reset both flip-flops, and 
both vp and v,, are low (State 2 again). This is shown more clearly in the expanded view of 
the waveforms in Fig. 4—9a. Note that there is a short transient state where both vp and v,, 
are high. However, ¥, = O for both State 2 and the transient state, so they can effectively 
be lumped together as State 2. 

The maximum useful frequency for this PD is limited by the minimum duration of 
State 2. The duration Tt of State 2 is given by tT = ty + 7,, where T, is the duration while 
Vy = Vy = Vy, and 7, is the duration while v,, = vp = V, (see Fig. 4—9a). Then the 
minimum duration of State 2 is 


Tmin — TH me Trmin 


where 7}; is the propagation delay of the AND gate plus that of the flip-flop from R to Q, 
and T, min 1S the propagation delay of the AND gate plus the recovery time of the flip-flop 
from a reset. Therefore, the greatest duty cycle of time spent in State 3 is 


O == | hee Tee Le — aie T min®/ 27 


max 


where JT = 27/w; is the period of the input frequency. Then the maximum v, is V,,, = 
Omax (Vy — V,), and the maximum phase @,,, within the linear range is given by 


Oe Te Oa eo Tati Os (4-27) 


(See Fig. 4—9b) Note that the PD gain remains Kj = Vom/92m = (Vy — V,)/27 as in Eq. 
(4-26). 


EXAMPLE 4—2 


A three-state PD realized as in Fig. 4—8b has an input frequency w; = 27 =< 20 MHz, an 
AND gate propagation delay of 2 ns, a flip-flop propagation delay (R to Q) of 3 ns, anda 
flip-flop recovery time after reset of 4 ns (this last specification is often not supplied by the 
manufacturer). Find the usable phase range of the PD. 

Adding the propagation delays gives t, = 2 + 3 = Snsand7,,,,, = 2+ 4 = 6 
ns. Then tyin = TH + Trmin = 11 ns, and 6,,, = 27 — (11 ns) (125.6 Mrad/s) = 4.9 
radians. This is 78% of the ideal 27 radians phase range. 
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Ficure 4-9 Three-state phase detector characteristic at high frequencies 


Another realization of the three-state PD is manufactured commercially by Mo- 
torola [7] in both TTL (the MC4044) and ECL (the MC12040). However, Egan and Clark 
[8] have shown that these do not make a smooth transition from negative v, to positive vy, 


causing a nonlinearity in the PD characteristic at the origin. Therefore, the realization in 
Fig. 4-8b is preferred. 
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4-9 Z-STATE PHASE DETECTOR 


A variation of the three-state PD is to have the vp and v, outputs drive two CMOS 
switches, as in Fig. 4—-10a. This circuit is intended to be used with a passive filter, as 
shown. The result is equivalent to an active filter with very low offset. There is no 
established name for such a PD; we suggest Z-state PD, with ‘‘Z’’ referring to the high- 
impedance state. A commercial version of such a PD is the 74HC4046 manufactured by 
Harris Semiconductor. [9] 

In State 1, vp is high, and the lower switch connects v, to ground. In State 2, neither 
Vp Nor vy is high, and neither switch is closed. Since no current flows through Ro, v, 
equals the v3 across the capacitor. In State 3, vy is high, and the upper switch connects v, 
to Vpp. The resulting ), waveform as 9, increases is shown in Fig. 4—10b. Note that ¥, is 
not determined solely by the PD circuit; at times it equals the voltage v3 in the loop filter. 

The result is the PD characteristic shown in Fig. 4—10c. The slope K, depends on v3, 
and in general the K, for 0, > 0 is different from that for 8, < 0. But the important feature 
is that with both switches open, the free-running voltage V,,, equals v3. But in the steady 
state, v3 = Vv. = V.,,. Therefore 


co°* 


For a passive filter F(O) = 1, and the static phase error given by Eq. (2—27) is 


Wye 7 —"VuolKa 43 Veg/KgF(O) 


(Ve, ha Viol Ka =u) 


Thus, there is no static phase error, which is usually not true of a passive filter. In 
practice, though, the bias current /, to the VCO is not zero. The resulting voltage drop 
IpRo across Ro leads to a small static phase offset 


0., = [pRo/Ky (4-28) 


I, can be kept to picoamperes with FET buffering at the VCO input. The result is a PD 
with an effective figure of merit M in the thousands! 

Such a tremendous M is sometimes worth the nonlinearity that occurs in the PD 
characteristic at the origin. Another limitation, though, is that it takes time for ¥, to settle 
to v3 when both switches are open—a result of some 25 pF of stray capacitance at the v, 
node that must discharge through Ro. This restricts the circuit to rather low-frequency 
applications when variation in @, 1s expected. 
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4—10 SAMPLE-AND-HOLD PHASE DETECTOR 


The sample-and-hold circuit shown in Fig. 4—11a can act as a phase comparator. Pulses 
on Vv, cause a switch to close momentarily, charging the capacitor to the current values of 
v;. The following buffer keeps the charge from leaking off the capacitor while the switch 
is open. As @, increases, successive values of v; are sampled, and 7, has the form of v; but 
at a lower frequency. (This is the effect of aliasing.) Therefore, the form of the PD 
characteristic is sinusoidal if v; is sinusoidal, and the characteristic is triangular if v; is 


triangular. 
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Ficure 4—11 Sample-and-hold phase detector 
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The one advantage of a sample-and-hold PD is that ¥, contains no high frequency at 
w; or 2w;. If the phase is constant, then ¥, is a straight dc line. This is desirable in 
applications such as frequency synthesis, where any spurious modulation by v, degrades 
the spectral purity of the synthesized frequency. 


4-11 EXTENDED RANGE: FREQUENCY DIVISION 


In PM demodulation applications and phase jitter smoothing applications, it is sometimes 
necessary for the PD to handle large values of 0,. The largest range we have seen so far is 
that of the three-state PD with + 27 radians. With more complex designs, there is no limit 
as to how wide the range can be made, but there are some tradeoffs. 

The circuit in Fig. 4—12a uses the same two-state PD we analyzed in Fig. 4—7. But 
now there is a frequency divider in front of each input, so the frequencies at v; and v, are 
1/3 those at v; and v,. The phase at v, must slip three cycles relative to v; in order for the 
phase at v,, to slip one (long) cycle. This extends the range of the two-state PD from +7 
to +3 radians (see Fig. 4—12c). 

The high-frequency w, that appears at V, (see Fig. 4—12b) is now w,/3 rather than the 
w, for the two-state PD by itself. This makes it more difficult to keep w, out of the 
passband of the PLL. In general 


Wy = w/N (4-29) 


for an extended range PD with +N frequency dividers. 


4-12 EXTENDED RANGE: n-STATE PHASE DETECTOR 


Another method of extending the range of a PD is to increase the number of states in an 
n-state PD beyond the three-state we have already seen. Oberst [10] refers to this as a 
‘“generalized phase comparator.’’ The method for realizing four or more states involves 
combining a three-state PD with a shift register. [11] 

Consider the six-state PD represented in Fig. 4—13a. The number of each state here 
refers to the number of output variables (v 5, vy, V;,-V2, and v3) in Fig. 4—13b that are 
high. For simplicity of notation, let | stand for logic high and 0 stand for logic low. Then 
the condition v 5Vyv,;V2v3 = 10000 and the condition v 5vyv,V2v3 = 00100 are both State 
1. Rising edges on R move the circuit to a higher state, and rising edges on V move the 
circuit to a lower state. 

The connection of the PD to the passive loop filter is shown in Fig. 4—13b. the 
analysis can be simplified by replacing the PD and the five resistors of value SRo with the 
Thevenin equivalent in Fig. 4—-13c. The Thevenin voltage is 


¥, = kVy/5 + (5 — BV,/5 (4-30) 
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Frequency 
dividers 


(c) 


Figure 4-12 Extended range: frequency division 


where k is the state (O through 5) of the circuit, and V;, and V, are the high and low logic 
voltages. The Thevenin resistance is Ry, which completes the loop filter. Fig. 4—13d 
shows v, aS 6, increases with time for the case V, = 5 V and V, = QO. The PD first 
alternates between states k = O and 1, then between | and 2, etc. The average value v, 
correspondingly increases from 0 to 5 V as k goes from 0 to 5. 

The resulting PD characteristic, shown in Fig. 4—13e, has a linear range of +5t 
radians. Note that as 6, increases beyond 57 radians, v, stays between 4 and 5 V, and as 
@, decreases beyond — 57 radians, v, stays between O and | V. This is similar behavior to 
the three-state PD, and it allows all n-state PDs for n = 3 to act as frequency detectors. 
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Ficure 4-13 Extended range: n-state phase detector 


The use of a six-state PD with an active loop filter is shown in Fig. 4—14a. Here, the 
five summing resistors with value 5R, act in parallel as R, of the loop filter. The op amp is 


referenced to a V, halfway between the maximum Thevenin voltage of V,, and the 
minimum Thevenin voltage of V,: 


V, = (Vy — V,)/2 (4-31) 
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Ficure 4-14 Six-state phase detector with active loop filter 


The PD output is effectively 
SAV =UKEV B/S) FE (S8e RV 7/5 =v) (4-32) 


[compare Eq. (4-30)]. The sign inversion introduced by the active loop filter has been 
compensated by reversing v, and v,, at the inputs R and V to the PD. Otherwise the negative 
feedback would have become positive, and the PLL would be unstable. 

The PD characteristic is shown in Fig. 4—14b. The maximum value is given by 


V am ay (Vi = V,)/2 (4-33) 
The maximum value of the phase range is @.,, = 5a. In general, 
One =Cnses I jar (4-34) 


where n is the number of states. The PD gain is (V;, — V,)/107. In general, 
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The offset voltage V,, really has meaning only for n odd. Then it is defined as the value of 
v, for the middle state, as it was for the three-state PD. For n even, the PD spends equal 
time at each of the two middle states when there is no phase modulation. For n odd, the 
PD spends almost all its time at the one middle state, greatly reducing the ac component of 
Vy. 

The unwanted high-frequency component of Vv, for the n-state PD (see Fig. 4—13d) 
has a frequency (the detector frequency) of 


Wi = 0); (4-36) 


as is true for the two-state and three-state PDs. This is a great improvement over the 
frequency divider method in Fig. 4—12, for which w, is inversely proportional to the range 
[see Eq. (4-29)]. The tradeoff is that the n-state PD has more complex circuitry. 

A circuit realizing a six-state PD is shown in Fig. 4—15a. It includes a three-state PD 
with output v, and output complement v5. Two “‘slip detectors’’ monitor the three-state 
PD for rising edges of R and rising edges of V that don’t cause a state change. These 
events correspond to the end loops in Fig. 4—8a; the three-state PD slips 27 radians here. 
The slip detectors note these events and record them in the up-down (or left-right) shift 
register. When a rising edge on R causes a slip, a slip detector causes the shift register to 
shift up, shifting a logic ‘‘1’’ into the bottom stage. When a rising edge on V causes a slip, 
the other slip detector causes the shift register to shift down, shifting a logic ‘‘O”’ into the 
top stage. Thus, a slip either adds or subtracts a ‘‘1’’ from the contents of the shift 
register, which appear at v,, V2, and v3. The “‘1’’ makes up for the 27 radians either lost 
or gained by the slip. 

A state diagram of the six-state PD is shown in Fig. 4—15b. There are actually 
twelve states, but we lump together states that have the same number of ‘‘1’s’’ at vp, vy, 
V;, V2, and v3. For example, State 2 comprises states 11000, 10100, and 00110. 
Movement between rows corresponds to a state change of the three-state PD, and 
movement along the top or bottom row corresponds to a slip changing the state of the shift 
register. Eventually the six-state PD itself will have a slip—the end loops at State 0 and 
State 5. These slips can be put off further by adding stages to the shift register; a four- 
stage shift register would raise the circuit to a seven-state PD with a linear range of + 67 
radians. 

The realization of the slip detectors in Fig. 4—15a needs to be addressed. When a 
rising edge on R causes no state change of the three-state PD, this is defined as a slip. The 
state diagram of the three-state PD, shown in Fig. 4—8a, is redrawn in Fig. 4—-16a. The 
transient State 2’ is shown explicitly here; it lasts for only a couple propagation delays and 
reverts spontaneously to State 2. Note that when R changes the state from | to 2 (via 2’) or 
when it changes the state from 2 to 3, it causes a rising edge on v, (from V,; to V,). When 
R occurs during State 3, it causes no state change (a slip) and no rising edge on vy. 
Therefore, a slip is equivalent to a rising edge on R with no corresponding rising edge on 
Vu. : 
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Ficure 4-15 Realization of six-state phase detector 


A circuit realizing the slip detector is shown in Fig. 4—-16b. The first flip-flop 
records a rising edge on v,, as Z high. The rising edge on R (that caused the rising edge on 
vy) samples Z after a delay of t. (The delay can be either the propagation delay of a few 
gates, a delay line, or a monostable multivibrator.) It finds Z high, making v, low, and 
immediately resets Z (see Fig. 4-16c). If X’, the delayed R, samples Z and finds it low, v, 
goes high, indicating no rising edge on v, since the last time Z was reset. This is a slip, 
and it causes a pulse on y,. 

The delay t must be long enough to allow a state change to propagate through the 
three-state PD and through the first flip-flop. (It must not be longer than the interval 
between rising edges on R.) This necessary delay causes a delay of t between the 
occurrence of a slip and its detection at v,. The effect is a t-wide transient in vj. In wide- 
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Figure 4-16 Slip detector circuit 
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band applications where it is not negligible, the transient can be eliminated by inserting 
delays of t in the v, and vp lines in Fig. 4—15a. 


4-13 MODIFIED PHASE DETECTOR CHARACTERISTIC 


In Chapter 6 we study the PLL response to noise, in Chapter 8 the transient response 
during acquisition, and in Chapter 9 the response to modulation. In some situations, two 
or more of these conditions are present simultaneously. With a linear system this would be 
easily handled by superposition. But because of the nonlinearity of the PD, superposition 
is generally not valid for a PLL. In this section we analyze how the PD characteristic 
v,(0,) behaves when there are two independent components to 0,. Let the total phase error 
be 


6.= 6+ @ (4-37) 


where @; is the component of interest and 07 is the ‘‘interfering’’ component. For 
instance, 67 could be the phase error due to 6;, and 6” the phase error due to noise. We will 
see that the presence of 0? effectively presents a modified PD characteristic v/,(0{) to the 
other component @,. : 

We will assume that 67 has zero mean and that it has an even probability density 
function p(@,). Then 6; can be thought of as the average of 0, over the variable 67. If the 
PD output v,(@,) is averaged over 07, then this average v, as a function of 6; is the 
modified PD characteristic: 


val.) = J. p82) vay + 82) d0", (4-38) 


If v,(0,) were linear, the presence of 6? and 02 together wouldn’t affect the characteristic, 
and we would have v,,(6;) = v,4(02), an unchanged PD characteristic. But for large enough 
@;, the nonlinearity causes v,(0’e) # v,(@.). 

Because we have assumed that p(@?) = p(— 97), Eq. (4-38) can be seen to be the 
correlation of p and vy: 


V6 9.) ae p(@.) *e Vq( 0.) 
and therefore 
Vi(w) = P(w) X Va(w) (4-39) 


where V), P, and V, are the Fourier transforms of vj, p, and vy. Use of the Fourier 
transform usually simplifies the calculation of v,(0.). 

Figure 4-17a shows an example of obtaining the modified PD characteristic v,(6,) 
from a sinusoidal PD characteristic 
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Figure 4-17 Modified Sinusoidal phase detector characteristic 
Vq(8.) = Vansin(@.) = Vy,,sin(@, + 02) (4-40) 


Suppose that noise is the cause of 6” (see Chapter 6) so its probability density function is 
Gaussian with standard deviation 6,,,.: 


ae ny2 
—— Live 


l 
9") = 
BAG e) SV aiaaeies exp] 2(Bhm)” 
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The Fourier transform of v,(@,) is 
Vio) = —jTV,,0(@ + 1) + jaV,,,6(o — 1) (4-42) 
where 6 is the Dirac-delta function (see Fig. 4—17a). The Fourier transform of p(6”) is 
P(w) = exp(— 07? 9/2) (4-43) 
Then from Eq. (4-39), 
Vil@) = P(w)Vg(o) = —jTVind(@ + 1) + jtVG,6(@ — 1) (4-44) 
where the amplitude of the modified PD characteristic is 
dim = PC) Vim = €Xp(— O ims/2) Vam 
Taking the inverse Fourier transform of Eq. (4-44) gives the modified PD characteristic 
¥4(0.). = Vinsin( 0.) TEES 
with a modified gain (slope at the origin) of 
y= K,PQ) = K,exp(— 05/2) (4-46) 


The reduction factor P(1) is plotted in Fig. 4-17b for our Gaussian example. If the rms 
value of 0? is 1.0 radian, then V/,,, is about 60% of V,,,. K, is also reduced to 60% of its 
original value. The consequence of 6” is also seen in the acquisition of lock (see Chapter 
8) when 6 is due to the transient and 07 is due to 6; or noise. 

The same technique can be used to analyze the effect of 6” on triangular and 
sawtooth PD characteristics. The result is always a rounding of the corners of v/(02) as 
P(@) attenuates the ““harmonics’’ of v,(6,). See Pouzet [12] for the modified characteris- 
tics of these other phase detectors. 

The three-state (and higher-state) PDs have characteristics with double-value func- 
tions (see Fig. 4—-18a). This hysteresis complicates the analysis somewhat in determining 
the modified PD characteristic. Let 0” be limited to some maximum magnitude 6,,,,3; the 
uniform probability density function p(@) in Fig. 4—18b is an example. If 6, remains 
entirely on a linear portion of the characteristic (see cases | and 2 in Fig. 4—18a), then the 
characteristic is unchanged (see cases | and 2 in Fig. 4—18c). But if 6, ever touches a 
discontinuity in the characteristic, the operation jumps to a new linear portion (see case 3 
in Fig. 4-18a). Therefore, v, can’t have the higher value that v, does for that average 
phase error @. 

The modified PD characteristic in Fig. 4—18c plots v/ as a function of 0? for the case 
Onax = 0.57. The effect is to reduce the modified phase range of the PD to + 1.57. In 
general, the modified range is reduced by 9@,,,, on each end. 

For 6,4, => 7, another phenomenon occurs, as shown in Fig. 4—18d. There 
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Figure 4-18 Modified three-state phase detector characteristic 
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continues to be a usable linear range about the origin, but a spurious linear range appears 
at 0; = a. This provides a stable point of operation for the PLL, but with 6,, = a rather 
than the desired 6,, = 0. One situation in which this can occur is when @” is due to 
modulation of 6; while the PLL is acquiring lock, and @? is the phase transient during 
acquisition. Then to avoid a false lock at 0; = wm, the modulation of 6; must be such that 


Ol <m (4-47) 


If 6” is unbounded, as in the case of noise-generated phase error, then the analysis 
of three-state PD behavior is intractable. The double-valued function v,(@,) makes it 
impossible to know even the probable value of v,. For this reason, three-state PDs can’t be 
used in applications where noise is significant. 
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CHAPTER 


VOLTAGE-CONTROLLED 
OSCILLATORS 


5—1 PROPERTIES OF VCOS 


In Chapter 2 we introduced the VCO characteristic as a linear function of the VCO 
frequency w, with respect to the control voltage v.. The linear model is 


wo, = Aw, + wo; = K,(v. — Veo) + ®; (5-1) 


where w; is the average input frequency and V.,, is the value of v, such that w, = w;. K, is 
the VCO gain. Since V., depends on the input to the PLL, it is not considered a property 
of the VCO itself. In the simple examples so far, K, has a well-defined value because the 
VCO characteristic has been linear. In practice, this is only an approximation at best. 

Figure 5—la shows an example of a VCO characteristic more like one would 
encounter in practice. Because the slope of the curve is not constant, the VCO gain K, has 
a range of values from zero to 5 Mrad/s/V. Suppose for some particular application an 
acceptable range is 4 Mrad/s/V = K, = 5 Mrad/s/V. Then the VCO can’t be used for 
w, < 1 Mrad/s, where K, < 4 Mrad/s/V. In this example, if v. > 2.5 V is applied (corre- 
sponding to w, > 10 Mrad/s), the VCO stops oscillating. Thus, the range of the VCO is 
1 Mrad/s < w, < 10 Mrad/s. When the range is small, it is sometimes expressed as some 
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(b) Figure 5—1 VCO characteristics 


deviation about a center frequency, such as 5 Mrad/s +10%. Similarly, K, can be 
expressed as a center value with a deviation, such as K, = 4.5 Mrad/s/V + 11%. The 
percent deviation of K, is a measure of the linearity of the characteristic. There is 
obviously a tradeoff between range and linearity. 

The VCO characteristic implies that there is a fixed relationship between v, and w, 
no matter how quickly v. changes. But if v. is modulated at too high a frequency, the 
modulation of w, is less than that indicated by K,. Fig. S—1b shows a typical modulation 
response; the ac gain |w,/v-| is K, tur low frequencies of modulation w,,, but it falls off for 
w > 3. This reflects a pole at w3 in the VCO transfer function: 


(5) Pw K, : 
v(s) wt 20 s/@3 Oe 


where w, is called the modulation bandwidth. As shown in section 3-7, a pole at w in the 
forward loop gain G(s) can cause instability if w; < K. If w is to have little effect on the 
PLL responsv, « good rule is to keep w3; = 4 K (see Fig. 3-13). 
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In this chapter, we look at three kinds of VCOs—astable multivibrators, L-C oscil- 
lators, and crystal oscillators. Each has advantages and disadvantages in terms of range, 
linearity, modulation bandwidth, and immunity to outside influence. This last property is 
seen in the VCO phase noise, which is analyzed in section 6—5. It is also seen in suscepti- 
bility to being ‘‘pulled’’ in frequency and phase by other signals. This important practical 
consideration, called injection locking, is the subject of the last third of this chapter. In 
general, VCOs less sensitive to noise and injection are also less sensitive to temperature 
and to variations in power supply voltage. 


5—2 VOLTAGE-CONTROLLED MULTIVIBRATORS 


There are two general classes of oscillators: relaxation oscillators (or astable multivibra- 
tors) and resonant oscillators (or Vanderpole oscillators). Figure 5—2 shows a circuit for a 
voltage-controlled multivibrator. A current i, charges and discharges a capacitor C, 
between two values of the threshold voltage v,—between 2 V and 3 V in this case (see the 
waveform for v,). The output v, is a square wave. The frequency of oscillation is 
determined by the rate of charging C,, which is proportional to |i,| = i., which increases 
with v.. The relationships are i. = (v. — 0.6 V)/R, and 7/2 = V,C,/i., where V, is the 
difference between the thresholds and 7/2 is the time to charge the capacitor by V,. But T 
is the period of the oscillation, so w, = 2am/T. Therefore 


ay 
= =n OPV. 5- 
Wy VRC, (Y, ) (5-3) 


In commercially available oscillator chips, the capacitor C, is left as an external compo- 
nent so the user can select the frequency of operation. For the circuit here, R = | kQ) and 
V, = 1V. If C, = 628 pF, then Eq. (5-3) gives w, = (5 Mrad/s/V) (v. — 0.6 V), and the 
VCO characteristic is that shown in Fig. 5—la. 

It is usually not necessary to construct a circuit like that in Fig. 5-2; commercial 
integrated circuits are available, such as the Motorola MC4024. The published charac- 
teristic [1] for the MC4024 (see Fig. 5—3a) gives the product f,C, as a function of v,. 
Corresponding to v. = 4.3 V (about the center of the linear range) is f,C, = 330 MHz- 
pF. Selecting C, = 110 pF, for example, gives f, = ““%10 = 3.0 MHz, oro, = 27f, = 
18.8 Mrad/s. Then as v, varies from 3.7 V to 4.9 V (the linear portion of the characteris- 
tic), f, varies from 1.8 MHz to 4.2 MHz, or 3.0 MHz + 40% (see Fig. 5—3c). The VCO 
gain is K, = 27(4.2 — 1.8 MHz)/(4.9 — 3.7 V) = 12.6 Mrad/s/V. 

In some applications, the VCO range needs to be constrained to keep the PLL from 
locking to the wrong frequency component (as in the example in Fig. 1—2) or to reduce the 
time required to attain lock. 
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FiGureE 5—2  Voltage-controlled multivibrator 
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Figure 5-3 (continued) 


EXAMPLE 5—1 


The voltage v/ from the loop filter is constrained to —3.5 S v, S 3.5. Design a VCO 
whose range is constrained to 3.0 MHz + 10%. By choosing C, = 110 pF, we get the 
characteristic in Fig. 5—3c with f, centered in the linear range. According to this 
characteristic, we constrain 2.7 MHz < f, < 3.3 MHz by constraining v, to the range 4.15 
V =v, = 4.45 V. Then we need a resistor network to attenuate the swing of v, by (4.45 
— 4.15)/(3.5 + 3.5) = 0.043 and shift the O-V center of vi to the 4.3-V center of v.. 
The resistor network shown in Fig. 5—3b provides the necessary relationship: 


v. = 43 V + 0.043 v’ 


Specifically, vy. = —3.5 V results in vy. = 4.15 V, and v. = 3.5 V results inv. = 4.45 
V. The modified VCO characteristic is that shown in Fig. 5—3d with the range limited to 
2.7 MHz S f, = 3.3 MHz. With the voltage divider now part of the VCO, the gain is 
reduced to K,’ = Aw,/Av, = 27(3.3 — 2.7 MHz)/7 V = 0.54 Mrad/s/V. 
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5—3 RESONANT VCOS 


Resonant oscillators can operate at higher frequencies than multivibrators, and they are 
less influenced by noise, stray signals, temperature, and supply voltage. Figure 5—4a 
illustrates the principle of a resonant oscillator. A resonant circuit—a parallel L-C tank— 
converts the current 7, from a current source to a voltage v,. At resonance, that is at the 
frequency 


aes IEC (5-4) 


the admittances of L and C cancel, and the tank has the impedance r,. This resistance is 
usually not an actual resistor but rather a model of effective resistance due to losses in the 
current source and the inductor. [2] The quality factor or Q of the tank is 


eae SOME (5-5) 


Then at resonance, v; = r, i,. But the source of i, is dependent on v;: i; = g,, v), where 
2,, 1S the transconductance of the amplifier. Then it follows that for positive feedback with 
unity loop gain we must have g,, = 1/r,. This relation is often maintained by an automatic 
gain control. The result is oscillation at the frequency w, given by Eq. (5-4). 


(b) Figure 5—4 _ Resonant oscillator 


Sec. 5-3 Resonant VCOs 87 


(volts) 


Figure 5—5  Varactor characteristic 


The frequency w, may be controlled by varying C electronically, converting the 
oscillator to a VCO. The oscillator in Fig. 5—4b includes a varactor diode as part of the 
tank capacitance. A varactor is a reverse-biased diode whose junction capacitance Cy is a 
function of the reverse bias vp; a typical varactor characteristic is shown in Fig. 5—5S. In 
the circuit in Fig. S—4b, vp is applied by the control voltage v, through a buffer resistor R.., 
which keeps the source of v.. from loading down the tank. A series capacitor C, blocks dc 
current that would otherwise flow through R. and L. Therefore, ve = v, for slow 
variations in v.. The total capacitance is given by C = C,C,7/(C, + C7). 


EXAMPLE 5—2 


Design a resonant VCO with a range from 67 Mrad/s to 134 Mrad/s. (This factor-of-two 
range is called an octave range.) Make the VCO gain K, vary as little as possible over the 
range. The circuit has the form shown in Fig. 5—6a, where the transconductance amplifier 
(with AGC to maintain the proper gain) has been provided by the Motorola MC1648. The 
varactor is a Motorola MV1404, with the characteristic shown n Fig. 5—5. The series 
capacitor C, and the parallel capacitor C,, provided flexibility in designing the VCO 
characteristic. 
The relationships governing the design are Eq. (5-4) relating w, to C 
C.Cr 


c= —=t iC 


CAaney P (3-6) 
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relating C to C;, and Fig. 5—5 relating C7 to vp. The largest possible range is achieved 
when C ~ Cy by choosing C,, = 0 and C, large compared to C;—say, C, = 1000 pF. 
From Fig. 5-5, C; has a 10-to-1 range, and from the square root in Eq. (5-4), w, therefore 
has a maximum /10-to-1 range. This is greater than the required 2-to-1 range, but 
linearity is improved if we are not forced to use all of the VCO range. 

Table 5—1 shows the computed parameter values for the choice C, = 0 and C, = 
1000 pF. Because the anode of the varactor is at — 3.8 Vdc, ve = v. + 3.8 V. The values 
of w, versus v, in Table 5—1 are plotted in Fig. 5—6b. L = 3.71 wH was selected to put the 
inflection point in the center of the desired range 67 Mrad/s to 134 Mrad/s. This achieves 
the greatest linearity. The gain K, is a maximum in the center and a minimum on the two 
ends: K, = 18 Mrad/s/V + 15%. For w, to be limited to the desired range, v. needs to be 
limited to the range —0.5 V < v. S$ 3.1 V. This can be done with a resistor network, as in 
Fig. 5—3b, or diodes can be used to limit v,, as in the next example. 
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TABLE 5—1 

V.. Vr Cr C W,, 
eae VA 1 V 160 pF 138 pF 44.2 Mrad/s 
138 2 120 107 50.2 
0:8 3 ad a 61.3 

a2: 4 47 45 ee 

be 5 30 29 96.2 

98 6 20 20 i hers 

3.2 ql 15 15 135.0 


EXAMPLE 5-3 


Design a resonant VCO with a frequency range of 100 Mrad/s +5% (that is, 95 Mrad/s to 
105 Mrad/s). The VCO gain K, is to be as small as possible while maintaining a + 10% 
tolerance on K, over the frequency range. 

One solution would be to use the same C, and C, values in Example 5—2 and 
constrain the control voltage to 1.4 V + 275 mV. But this is a very small range for v,, 
corresponding to a high value of K,. This makes the VCO more sensitive to noise and dc 
offsets. 

To reduce K,, we need to make the total capacitance C, calculated in Eq. (5-6), be 
less sensitive to C;. This can be done by both increasing C, and decreasing C,. Increasing 
C,, tends to flatten the upper end of the VCO characteristic by swamping out C; when Cy 
becomes small. Decreasing C, tends to flatten the lower end of the VCO characteristic by 
dominating C; when C; becomes large. Trial and error is required to find values of C, and 
C, so that the slope (or VCO gain) K, 1s as small as possible while maintaining less that a 
+ 10% variation in K, over the desired +5% range of w,. A spreadsheet computer 
program is useful here. 

Two designs are shown in Fig. 5—7a. In Design #1, C, = 300 pF, C, = 200 pF, 
and L = 0.286 wH. This achieves low gain; the whole available range from v. = —2.8 V 
to 3.2 V is used to go from w, = 95 Mrad/s to 105 Mrad/s. But because the inflection 
point is too far to the left, K, varies a great deal over the range—from 2.6 Mrad/s/V to 0.7 
Mrad/s/V. The excessive flattening of the curve at high frequencies indicates C,, is too 
large. In Design #2, C, is decreased to 120 pF, and C, is 60 pF to again require a 6-V 
change in v, for a 10% change in w,. The last step is to choose L = 0.68 wH for the 
desired frequency range about 100 Mrad/s. The inflection point is now centered, and K, 
varies from 2.45 Mrad/s/V to 1.05 Mrad/s/V. This is less variation, but it still exceeds the 
specified + 10% variation. We need to increase K, and discard the ends of the curve. 

Two more designs are shown in Fig. 5—7b. In Design #3, the gain is increased by 
decreasing C,, to 17 pF. For C, = 22 pF, there is a quite linear range over the desired 10% 
change in w,. Choosing L = 3.40 wH centers this range on 100 Mrad/s. The variation of 
K, over the range 95 = w, = 105 Mrad/s is only + 10% about a value of 3.5 Mrad/s/V. 
To constrain w, to this range, we need to constrain —0.5 = v, = 3.1 V. This is easier to 
do if the voltage range were centered on 0 V. 
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(a) 


Design: #1 #2 
C;: 200 pF 60 pF 
C,: 300 pF 120 pF 
L: 0.286 nH 0.68 nH 


22 pF 
17 pF 
3.40 nH 


(b) 


#4 
60 pF 
65 pF 

1.08 nH 


Ficure 5—7 VCO characteristic for Example 5-3 


In Design #4, the linear portion of the curve is moved to be centered horizontally 
on v, = 0 V. C, is increased to 60 pF to make the lower part of the curve more linear. C, 
= 65 pF provides a 10% change in », for a 2.8-V change in v,, and L = 1.08 wH centers 
the range vertically on 100 Mrad/s. The gain is again K, = 3.5 Mrad/s/V + 10%. Table 
5—2 gives the parameter values for this final design. 

To constrain 95 = w, = 105 Mrad/s, we need to constrain -—1.4S v.5 1.4 V. 
This can be done with diodes, as shown in Fig. 5—8. Since v, develops little voltage across 
R,, v. is not more than two diode drops away from ground. 


C 


Vo VR Cr 


TABLE 5—2 

2 Sal llios Neate Vaile 

Sis 2 120 

—0.8 3 71 
0.2 4 47 
12 5 30 
Ap 6 20 
hy, 7 15 


109 pF 


105 


99 
91 
85 
80 
77 


W 


oO 


92.3 Mrad/s 
93.8 
96.8 
100.6 
104.3 
107.5 
109.6 
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Ficure 5-8 Limiting v.. 


Further information on the theory of resonant oscillators can be found in Clarke and 
Hess. [3] More on the design of resonant VCOs is available in Rohde. [4] 
Note that we still need to chose a value for R,. in Fig. 5—6a. This value depends on 


the desired modulation bandwidth. 


5—4 MODULATION BANDWIDTH 


To change w,, v, must change vz by charging Cy and C, through R, (see Fig. 5—6a). C,, is 
essentially shorted out by the inductor since v,. changes slowly compared to the oscillation 
frequency. A model is shown in Fig. 5—9 to find the transfer function from v, to vg. This 
is simply vp/v. = I/(1 + s/w3), where the modulation bandwidth of the VCO is 


LO V/RACr tg G-) 


(5-7) 


Since Aw, = K, vr, the complete transfer function of the VCO is that given by Eq. (5-2): 


Wo 
Ve 
Re 
moa ; 
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Oe og FS Ea 
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Figure 5—9 VCO modulation bandwidth 
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It is important to keep w; high enough that it doesn’t affect the loop response H(s). A good 
rule is to keep w3 > 4K, where K is the PLL bandwidth. Then for the worst case, we must 
look at the maximum Cy, over the operating range of the VCO. 


EXAMPLE 5—4 


The VCO designed in Example 5—2 is to be used in a PLL with K = 0.1 Mrad/s. Choose 
R. to maximize the Q of the tank. 

In Example 5-2, the lower end of the range (w, = 67 Mrad/s) corresponded to the 
maximum C; = 70 pF. For K = 0.1 Mrad/s, we need at least w, = 0.4 Mrad/s. Since C, 
= 1000 pF, Eq. (5-7) gives R. = 2.38 kQ. As we will see in the next section, this is a 
rather low value which spoils the Q of the tank circuit. 


EXAMPLE 5—5 


The VCO of Design #4 in Example 5-3 is to be used in a PLL with K = 0.1 Mrad/s. 
Choose R. to maximize the Q of the tank. 

In Design #4, the lower end of the range (w, = 95 Mrad/s) corresponded to C; = 
101 pF. For K = 0.1 Mrad/s, we need at least w; = 0.4 Mrad/s. Since C, = 60 pF, Eq. 
(5-7) gives R. = 15 kQ. This value will be high enough to preserve a good Q. 


5-5 @ OF THE RESONANT CIRCUIT 


The tank in a resonant VCO needs a high Q for low phase noise and low injection 
sensitivity for the VCO, as will be shown in sections 5—8 and 6-5. A high Q is associated 
with low lossiness, and much of this loss is in the inductor. The inductor loss can be 
modeled by a parallel resistance 


ry = QoL (5-9) 


where Q,, the quality factor of the inductor, is a weak function of w,. The function 
depends on the physical design of the inductor, but a rough relationship between w, and 
Q, is given in Fig. 5—10a. | 

Another loss, one that we have introduced for the sake of control, is in the resistor 
R,. In the model in Fig. 5—10b, the grounding of the left end of R. assumes that the 
impedance of the v, source is negligible. Since R.. is only across Cz, it doesn’t see the full 
voltage across the resonant circuit, and it degrades the Q less than if it were across the 
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Figure 5-10 Q of resonant circuit 
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total C. Clarke and Hess [5] show that the loss due to an R.. across the total C (see the 


second model in Fig. 5—10b) is the same as that due to R. if 


Rea=t(CHC. + al)k, 


(5-10) 


Since small R; degrades Q the most, the worst case must consider the minimum C7. 
In the final model in Fig. 5—10b, R, and r, are in parallel, constituting r,. Then from 


Eq. (5-5), the Q of the resonant circuit is given by 


R. | ry 


One ann 


EXAMPLE 5-6 


Find the Q of the oscillator tank in Example 5-4. 


(5-11) 


The values in Example 54 were C;,,;, = 16 pF form, = 134 Mrad/s, C, = 1000 
pF, L= 3.7 pH, and R, = 2.38 kQ. From Fig. 5—10a, Q, ~ 135, andr, = Q,;w,L = 67 
kQ.. Then from Eq. (5-10), R? = 2.45 kQ, and Eq. (5-11) gives Q = 4.75, which is quite 


low. 
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EXAMPLE 5—7 


Find the Q of the oscillator tank of Design #4 in Example 5-5. 

In Design #4 we had C;,,,,, = 28 pF for w, = 105 Mrad/s, C, = 60 pF, L = 1.08 
wH, and R. = 15 kQ. From Fig. 5—10a, Q, ~ 130, andr, = Q,0,L = 14.7kQ. Then 
from Eq. (5-10), Ri = 32 kQ, and Eq. (5-11) gives Q = 89, which is very good. 


Comparing the two examples, the moral is to keep C, as small as possible, 
consistent with other design criteria. Otherwise the modulation bandwidth requires too 
low an R,, and the Q is degraded excessively. 


5—6 CRYSTAL VCOs 


When an extremely low PLL bandwidth K is needed, it is usually not satisfactory to 
simply make a very small K;,, (see the loop filter design in Chapter 2). This would greatly 
attenuate v., which would have trouble competing with noise and injection signals. The 
better approach is to make K, very small by using a crystal oscillator for the VCO. The 
result is a voltage-controlled crystal oscillator, called a ‘‘VCXO.”’ 

Figure 5—lla shows a circuit for a VCXO with a varactor used for tuning the 
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Ficure 5-11  Voltage-controlled crystal oscillator (VCXO) 
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frequency. The amplifier portion of the oscillator is provided by a commercial circuit— 
the Motorola MC12061. In Fig. 5—11b the crystal has been replaced by its equivalent 
circuit—a series R-L-C circuit. The crystal manufacturer usually specifies the frequency 
®,, (the w, corresponding to C; = 30 pF), the Q of the crystal (represented here by Q,), 
and the equivalent series resistance r,. From these the L and C, for the model can be found 
through the relationships 


Os ~ WogL/ rs (5-12) 
Ww, = 1 JLC., (5-13) 
(Co =a Gea 0sph) (5-14) 


(Sometimes the manufacturer specifies some capacitance other than 30 pF, such as 22 
pF.) 

The crystal oscillator is voltage-controlled by adjusting vp across the varactor to 
vary C;. As with a parallel resonant circuit, the oscillation frequency is given by 


Sag Selyyice oo ey 


where 


ye aCe mabe 
Gem t~1/ Cx 14 OpP) (5-16) 


Because the effective capacitance C, is extremely small—on the order of 0.01 pF—C;, 
must also be small to make any significant change in C. Figure 5—12 shows the 
characteristic of a low-capacitance varactor with a minimum C;, of 5 pF. (it is difficult to 


Cr (pF) 
KV 1401 
20 
10 
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FicurE 5-12  Low-capacitance varactor 
(volts) characteristic 
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go much lower than this because of case capacitance and stray wiring capacitance.) But 
even this small C; is still about 500 times C,,, and this allows us to make simplifying 
approximations in finding w, in terms of C7. 

From Egs. (5-13) through (5-16), we have 


J1/C,, + W/Cr — 1/G0 pF) 
Wo 
Hee Ce CoG Orh) 
LG, 


= Wool + CyolCr — Cro/30 pF) 
= @,,d'+ 0.5C,,/Cp — 0.5C,/30 pF) 
or 
W, — My ~ 0.50,,C,,(1/Cp — 1/30 pF) (5-17) 


The approximation above uses ‘ = We On ke 


EXAMPLE 5-8 


A crystal is specified to oscillate at m,, = 40 Mrad/s for C; = 30 pF. The Q, is 50,000, 
and the effective series resistance is r, = 50 Q. Find L and C,, for the crystal model. If a 
KV1401 varactor manufactured by Frequency Sources (see characteristics in Fig. 5—12) is 
put in series with the crystal, plot the oscillation frequency w, as vp is varied from | V to 8 
V. Find the range of the VCXO for which the gain K, varies by +40% or less. 

From Eq. (5-12), L = 62.5 mH. From Eq. (5-13), C,, = 0.01 pF, and Eq. (5-17) 
becomes 


w, — 40 Mrad/s = (200 krad/s-pF)/C; — 6.667 krad 


Table 5—3 lists values of C; taken from Fig. 5—12 and corresponding values of w, — 40 
Mrad/s. 

These data are plotted in Fig. 5-13. At the upper end of the VCO characteristic, K, 
degrades quite a bit. If we limit vp to the range 1, V S ve = 7 V, then K, is 5.7 krad/s/V 
+40%, and w, varies over a range of 34 krad/s. This range is only 850 ppm of the 40 
Mrad/s oscillation frequency, reflecting the extremely small K,. 

For more information on crystal oscillators, see Clarke and Hess. [6] 
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TABLE 5—3 

Vr Cr w, — 40 Mrad/s 
AS 50 pF —2.667 krad/s 
2 30 0.0 

3) 18 4.444 

4 [2 10.000 

5 8.5 16.862 

6 6.5 24.102 

7 a5 29697 

8 5.0 335333 


5—7 INJECTION IN MULTIVIBRATOR OSCILLATORS 


Suppose that a periodic signal is injected into a multivibrator oscillator with a frequency 
near to that of the oscillator’s frequency. It is possible for the frequency of the oscillator to 
be pulled to that of the injected signal and to be actually phase-locked to the signal. This is 
essentially the process by which the time base of an oscilloscope is synchronized to the 
viewed waveform. In the case of the VCO in a PLL, the injected signal of concern is the 
unintentional introduction of the input signal v, directly into the VCO. This injection 
usually causes the PLL to behave in a way that it was not designed to behave. 

The effect of injection in a multivibrator is illustrated in Fig. 5—14a. An injected 
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FicurE 5-13 Voltage-controlled crystal 
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Figure 5-14 Frequency pulling by injection in a multivibrator 


signal v, = V,sin(w,t + 6) is added to threshold voltage v, (compare Fig. 5—2). The phase 
0 here uses the rising edge of v, to define t = 0. In the steady state, the ramping voltage v, 
rises to meet the perturbed threshold at the same point in the cycle every time. In the 
example here, v, turns around before it would have if there were no injection. The result is 
that the oscillation frequency w, of the multivibrator is higher than normal—enough 
higher that w, = o,;. : 

Let the frequency of the multivibrator without injection be w,,,, and let the amount 
the frequency is pulled by injection be 


Aw, =W, — Woo (5- 1 8) 
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The difference between the two (unperturbed) threshold voltages is V,, the time v, would 
have risen without injection is 7,/2, and the time v, rises with injection is 7/2 (see Fig. 5— 
14b). The slope of v,; is a constant v ,. Then 


THQL=2Vivig (5219) 
and from the geometry in Fig. 5—14b it can be seen that 
T/2 = (V, — 2V,sin 60)/¥ , (5-20) 
But wo, = 27/T, and w,, = 27/T,. Therefore 


W,/Woo — V/V, a 2V7sin 0) 
le viv osin 6 
= 1 + 2AV,/V,)sin 8 ea 5201) 


for V; << V,. But from Eq. (5-18) 
W/o. = (W,, + AW,)/Oo = 1 + Aw,/w,, (5-22) 
Then from Eqs. (5-21) and (5-22), 
Aw, = 2,,(V//V,)sin 6 

This can be expressed more compactly as 

Aw, = K;sin 0 (5-23) 
where the injection constant K, is given by 

K,=2w,,(V//V,) (5-24) 


The relation between Aw, and @ in Eq. (5-23) is actually part of a feedback loop 
since the phase 6, of the oscillator is the integral of Aw,, and 6@ is the difference between 
6, and the phase 6, of the injected signal. This is summarized by the signal flow graph in 
Fig. 5-15. Note that this is identical to the flow graph for a first-order PLL with 
bandwidth K, (compare Fig. 2-4). Therefore, it is possible to have phase locking with no 
phase detector—just an oscillator and an injected signal. 
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FiGurE 5-15 Model of oscillator with injection 


5-8 INJECTION IN RESONANT OSCILLATORS 


Resonant oscillators have a similar behavior in the presence of an injected signal (see 
Adler [7]). Figure 5—16a gives a model for a resonant oscillator with injection (compare 
Fig. 5-4). The voltage across the resonant circuit is v; = V,sin(w,¢). The injected voltage 
is v, = V/sin(w,t + 0), where w, = w, in lock, and @ is the phase of v, relative to v,. The 
effect of injection here is to produce v; = v,; + v, with v; shifted in phase from v, by dp, 
where 


ob, ~ tan '[(V,sin 0)/V,] (5-25) 


for V; << V, (see phasor diagram in Fig. S—16b). For oscillation to be sustained, the tank 
circuit must produce a compensating phase shift — cd, between v; and v, (see Fig. 5—16c). 
Let v,/v; be the transfer function of the transconductance amplifier and tank. This transfer 
function has a pair of poles a distance o, from the imaginary axis. The oscillation 
frequency for no injection is @,, = 1/ LC . From the pole-zero plot in Fig. 5—16d, it is 
clear that 


o, a tan” '[(w, ae Woo)/To] 
tan '[Aw,/o,] 


tan '[20Aw,/w,,] (5-26) 


II 


where Aw, = w — @,, as in Eq. (5-18), and the Q of the tank is related to its bandwidth 
20, by 


Q 7 Woo! 20, (5-27) 
The phase of the transfer function v,/v; function is ang(v,/v;) = tan’ '[(@ — w,,)/o,]; 
this is plotted in Fig. 5—16e. 
For sustained oscillation, we must have 6, = o). Then from Eqs. (5-25) and 
(5-26), 
Aw, = (0,,/20)(V;/V;)sin 0 (5-28) 


This can be put in the form we had for the multivibrator oscillator: 


Aw, = K;sin 6 (5-29) 
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FicurE 5-16 Frequency pulling by injection in a resonant oscillator 


where for the resonant oscillator, 
K, = (@,,/2Q)(V//V)) (5-30) 


Comparing Eq. (5-24), we see that Eq. (5-30) can include the case of a multivibrator if the 
*‘O”’ of a multivibrator is taken as 4. 
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5-9 PLL BEHAVIOR WITH INJECTION 


When injection exists in a PLL, the VCO frequency Aw, is controlled in two ways: by a 
voltage v. derived from a phase detector (as desired) and by injection [Eq. (5-29)]. This 
situation is modeled in Fig. 5—17a, where the loop filter is represented as in Fig. 3—1b. 
The injected signal is simply the input signal v; attenuated to an amplitude V, and shifted 
by a constant phase a. That is, the injection phase 6, is given by 6; + a. Using the 
relations K = K,K,K,, K;, = R»/R,, and @) = 1/R,C, we can simplify the model as in 
Fig. 5—-17b. This is a large-signal model including the nonlinearities of the PD and of the 
injection. Note that 6 = 0, — 0, = 0, — (6; — 6.) =a + &. 

We can develop a small-signal model about the steady-state operating point. In the 
steady state, the integration in the loop filter assures that 6, = 0. Therefore, 0, is small, so 
sin 6, ~ 6,, and cos 6, ~ 1. We have the trigonometric identity 


sin 9 = sin(a + 6) = sin @,cos a + cos @sin a 


= @.cosa + sina 


These small-signal approximations lead to the linear model in Fig. 5—17c. The term 
(K + K,cos «)@, dominates the term Kw, f 0, dt for w > w,. Therefore, injection has 
changed the PLL bandwidth, from K to 


K' >= K .4)cos‘« (5-31) 


and a frequency offset K,;sin a has been added. 
Since we wish to be in control of the bandwidth, and since a is not known in 
general, K, should be kept much less than K. As a rule of thumb, the designer should keep 


K > 4K, (5-32) 


Then for a PLL with small bandwidth, every precaution should be made to minimize 
injection. This involves filtering the power to the VCO, shielding the VCO with a metal 
box, filtering the input v. to the VCO, buffering the output v, from the VCO, and 
eliminating ground loops that would include the VCO. 

Even with the most care, some injection always exists. With careful circuit layout, a 
typical value of (V,/V,) is 1/1000. Then Eq. (5-24) gives a typical K, = o,,/500 for a 
multivibrator VCO. For a resonant VCO, @Q is typically at least 20, and from Eq. (5-30) K;, 
is typically less than w,,,/40,000. The crystal in a VCXO typically has a Q of at least 
20,000, and K; is typically less than w,,,/40,000,000. Then Eq. (5-32) gives the following 
rules of thumb for a minimum practical bandwidth to avoid injection problems: 


K > @, 7125, multivibrator VCO 


oo! 10,000; resonant VCO (5-33) 
K-41 10,000,000, crystal VCXO 


K>o 
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Figure 5-17 Models of PLL with injection. (a) and (b) are equivalent; (c) is a 
small-signal model 
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Ficure 5-18 Oscillator spectral width due to internal noise 


For K, > K and m/2 < a < 37/2, it is possible that K + K,;cos a < 0. Then the 
model in Fig. 5—17c shows that the feedback is positive and the PLL is unstable. The 
result is an oscillation of 0, at a frequency around w,. This symptom is a clear indication 
of excessive injection. 

A test for the amount of injection in a PLL is to ground the VCO input (v,. = 0), and 
adjust the input frequency w, until the PLL injection locks (@, = w,). For small K,;, ; may 
have to be very close to the free-running VCO frequency w,,, (for v. = 0) to obtain lock. 
Seek the center of the lock range so that 0 ~ 0. Then a small frequency change Aw; (with a 
corresponding Aw, = Aw,) will cause a A@ in the phase between v; and v,. For 6 ~ 0, Eq. 
(5-29) gives 


K, = Aw/A@ (5-34) 
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5—10 SPECTRAL PURITY 


Ideally, an oscillator produces a single frequency w,; the output has a frequency spectrum 
consisting of a line of zero width (see Fig. 5—18a). In practice, the frequency is modulated 
by noise—thermal and shot noise originating within the oscillator itself. This causes the 
spectrum to have some width, as shown in Fig. 5—18b. 

The mechanism causing the spectral width may be understood from the model for 
injection in an oscillator. Let the injected signal v; in Fig. 5—16a be random noise rather 
than a sinusoid. It will be shown in Chapter 6 that noise can be represented as a sinusoid 
with random amplitude V, and random phase @. Then from Eq. (5-28), the noise causes 
frequency modulation of the VCO signal. The sidebands corresponding to the modulation 
give the spectral width. The modulation by the noise is inversely proportional to Q, so the 
spectral width decreases as Q increases. We will look at this more quantitatively in 
Chapter 6. 
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CHAPTER 


Noise 


We have considered the performance of phase-locked loops with perfect signals—perfect 
sinusoids or square waves with no noise. In fact, though, some noise is always present, 
and the noise may be significant, as in communications applications involving long 
distances. Noise appears at the input to the PLL along with the input voltage v,, and there 
is a small amount of noise actually generated within the VCO. Both of these sources of 
noise contribute to phase noise at the PLL output. This chapter reviews the characteriza- 
tion of noise in the frequency domain and resolves the noise into an amplitude component 
and a phase component. Once we can view noise as phase, we can bring to bear on it the 
phase responses that we have developed for a PLL. 

We begin with a review of some noise and random signal concepts. See Davenport 
and Root [1] and Papoulis [2] for more on these basics. 


6—1 POWER SPECTRAL DENSITY 


An example of a random noise waveform n(t) is shown in Fig. 6—-la. A measure of its 
strength is the mean-square value n’, also called its ‘‘power.’’ This is defined by 
1 r 


= 
I 
=| 
i=) 
= 
Ns 
aS 
= 


(6-1) 
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na (Vv) 


1 2 t (sec) 


(a) 


1 2 t (sec) 


10 20 f (Hz) 
(c) 


Ficure 6-1 (a) Noise as a function of time; (b) mean-square noise in the time 
domain; (c) power spectral density of the noise 


Chap. 6 


The integral in Eq. (6-1) can’t strictly be shown as an area because it involves a limit. 
However, it can be thought of as the area under n’(t) for one unit of time, if n(¢) iS 
‘‘typical’’ during that time. Figure 6—1b shows an example. The root-mean-square (rms) 


value is defined as 


sah 
Nims — n 


(6-2) 
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The distribution of the power in the frequency domain is given by the one-sided 
power spectral density ®,(f) for the variable n(t). [The term one-sided means that ®,(f) is 
zero for f < 0.] A typical power spectral density is shown in Fig. 6—Ic; it gives for each 
frequency the mean-square value within a 1-Hz band centered on that frequency. There- 
fore, the total mean-square value is the area under the curve: 


eee | ; ®,(f) df (6-3) 


@(f) is traditionally called the power spectral density rather than the mean-square spectral 
density; it is simpler, and the two concepts are related by some constant impedance. It is 
also traditional to define P(/) so that the mean-square is given by the integral over f (in 
cycles per second) rather than by the integral over w (in radians per second). 

The equivalence of the two areas in Fig. 6—1 is a convenient tool for finding time 
averages [Eq. (6-1)] from frequency-domain information [Eq. (6-3)]. 


6—2 NOISE BANDWIDTH 


Most sources of noise, such as shot noise and thermal noise, are white; they have a 
spectral density that is essentially flat for all frequencies, as in Fig. 6—2b. In accord with 
standard notation, N, is the constant value of the white spectral density. Now, Eq. (6-3) 
says that this white noise n’ has infinite power. In practice, though, there is always some 
filtering function limiting the bandwidth and therefore the power of the noise. The noise 
bandwidth of a filter is a value related to the 3-dB bandwidth that makes it easy to 
calculate this finite power. 

Suppose n' is filtered by a transfer function H,(s) to produce an output signal n, as 
shown in Fig. 6—2a. The spectral density ®, of n is given in terms of the spectral density 
®,,’ of n’ by 


P,P) = ®,'/) |AG2nfl’ (6-4) 
Since the noise is white, we can replace ®,,’ by a constant: 
Pf) = No |ALC2npl (6-5) 
We will be concerned first with H,(s) a low-pass filter: 
H,(S) = ©3ap/(S + 3p) (6-6) 
This function has unity gain at dc and a first-order cutoff at 343. The corresponding 


spectral density ®, given by Eq. (6-6) is plotted in Fig. 6—2c. 
Now we use Eq. (6-3) to get the mean-square noise at the output: 


m= SN, |HAC2me df (6-7) 


% n H,(s)=——38 
S + W3qB 


(a) 


®,, A (V2/Hz) 
No 
f 
(b) 
®,, 
No Brolf) = Nol Hy (j2af)|2 


Area = n2 


hap 2faap 3f3qB f 
(c) 


(model) 


Area = 1n2 


B, = (17/2) faa 


B, f 


(d) 


Ficure 6-2 Noise through a low-pass function H,(s), and equivalent noise 
bandwidth B, 
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It is convenient to define a noise bandwidth B, for a low-pass transfer function H;(s) such 
that 


Nadie NG (6-8) 


[This is for the case H,(0) = 1.] From Eqs. (6-7) and (6-8) it follows that the noise 
bandwidth is given by 


B= J \H, G2uf)P df (6-9) 


For the case of the low-pass filter in Eq. (6-6), carrying out the integration in Eq. (6-9) 
gives 


By, = W3qp/4 = (71/2) foap (6-10) 


where fzapn = ©3gp/277. For the purpose of calculating the mean-square noise, ®,, may be 
modeled by a rectangular spectrum with bandwidth B, as shown in Fig. 6—2d. The area 
under this curve is the same as that in Fig. 6—2c. 

We similarly define a noise bandwidth B; for a bandpass filter 


W3qp5 


(28 Kye (6-11) 


so + W3qp5 + ;" 
with unity gain at w, and a 3-dB bandwidth of @34,. This filter acts on noise n’ to produce 
an output n (see Fig. 6—3a). Again, n’ has a flat spectral density N,, as shown in Fig. 


6—3b. Then ®,(f) = N, |H,j2mf)|?, as shown in Fig. 6—3c. The noise bandwidth is 
defined such that 


n = NB, (6-12) 
It follows that B; is given by 


B= J \H(2nf)Pdf 
= (t/2)fsap (6-13) 
where fzup = ©3gp/277. For the purpose of calculating mean-square noise, ®,, may be 


modeled by a rectangular spectrum with bandwidth B; centered on f;, where f,; = w,/27 
(see Fig. 6—3d). 


6-3 NOISE-INDUCED PHASE 


In applications where noise is significant, the PLL performance is improved by using a 
prefilter before the PLL to reduce the noise n’ as much as possible without materially 


Sa) 
s? + Sw3qpB + 0 


(a) 
®, A (V2/Hz) 
No 
f 
(b) 
@, @,o(f) = No| HA j2af)|? 


(c) 


(model) 


Area = n2 
= NoBi 


B= (1/2)f3ap 


(d) 


FicurE 6-3 Noise through a bandpass function H,(s), and equivalent noise 
bandwidth B; 


112 


Sec. 6-3 Noise-Induced Phase 113 


affecting the signal v; (see Fig. 6—4a). Let the input signal be a sinusoid without any 
modulation: 


V ae V;sin(w,t) 


We will see that the filtered noise n induces both amplitude modulation x and phase 
modulation 6;: 


Vi +n = (V; =f x) sin(w,t au 0;) 


The effect of the amplitude modulation x is only to vary the PLL bandwidth K slightly by 
changing the PD gain [see Eq. (4-10)]. The PLL responds mostly to the phase 6;, acting as 
a transfer function H(s) to pass phase 6, to the output: 


v, = V, cos(wjt + 6,) 


(See Fig. 6—4b.) 

Consider the case of a bandpass prefilter with noise bandwidth B; centered on w,/277. 
If the unfiltered noise n’ is white with spectral density N,, then the noise n after the filter 
has the spectral density model ®, shown in Fig. 6—5. (The spectrum is not actually 
rectangular, but the area under the curve is correct.) The mean-square noise appearing at 
the input to the PLL is n? = N,B;,, as in Eq. (6-12). 

The noise n can be divided into two components: 


Me as ny, 5 ny (6-14) 
where 
n, = X Sin wt, n, = y COS wt , (6-15) 
prefilter 
yitn’ Vitn Vo 
PLL 
v= V; sin (wt) Vo = Vo COS (wt +o) 


Vitn=(V;+x) sin (wt+6) 


(a) 


PLL 


0; 00 
H(s) 
FiGurE 6-4 Prefiltered noise n inducing 


(b) phase 6; at PLL input 
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FiGurE 6-5 Power spectral densities of noise components 


and x and y are random time functions. Since n, and n, are orthogonal 


Vaan? +2 Reneb ny 
= nb hy. (6-16) 


But since the phase reference was arbitrary that established the sin and cos functions in 
Eq. (6-15), it must be that n,* = n,°. Then from Eq. (6-16) 


ne =e 1 Beeb Le (6-17) 


Since the spectral densities of n, and n, have the same bandwidth B; as n, it follows from 
Eq. (6-17) that the power spectral density of n, and n, is N,/2 (see ®,, and ®,, in Fig. 
6-5). We will see that n,, comprising half the noise power, induces amplitude modulation 
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of v;, and n,, comprising the other half of the noise power, induces phase modulation 
of v;. 

The expression for n, in Eq. (6-15) has the form of suppressed-carrier amplitude 
modulation, where x is the baseband signal occupying a bandwidth of B,/2 (see Fig. 6—5). 
What is the spectral density of x? Since x and sin w,t are independent variables 


né = (x sin wf” = x sin? wt = 22/2 
But Eq. (6-17) has n2 = nw/2 = N,B,/2. Therefore 
v= = NB; (6-18) 


Because the bandwidth of ®, is B,/2, its height must be 2N, to give the area in Eq. (6-18). 
A similar development leads to the spectral density ®, shown in Fig. 6—5 and to 


y =n = NB (6-19) 


Now let the noise n be added to the input signal v; = V;, sin wt. Using the 
expressions in Eqs. (6-14) and (6-15) 


Vsin wt + x sin wt + y COS wyt 


Veta 


(V; + x) sin wt + y cos w,t 
For x << V,; and y << YV,, the phasor diagram in Fig. 6—6 shows that 
vy, + n = (V; + x) sin (wt + 6) (6-20) 
where the random time function 6; is given by 
6, = tan '[y/(V; + x)] ~ tan '(y/V) = IV; 
for y << V;. This together with Eq. (6-19) gives 


Geo syeVee NERVE (6-21) 


6; 


ee ee 


FiGurE 6—6 Noise-induced phase 
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The spectral density ®y,(f) for 0; is shown in Fig. 6-7, where ©, represents ®4(0). The 
area under the curve is 


62 = @,B/2 (6-22) 
which, together with Eq. (6-21), gives the phase spectral density at low frequencies: 
©, = 2NJ/V7 (6-23) 

By comparing ©®, in Fig. 6—5 with ®,; in Fig. 6—7, it can be seen that 
PG AVG Cr ry) yr an (6-24) 


Sometimes the noise is specified in terms of its spectral density N,, as in Eq. (6-23). 
Sometimes the relative noise power is specified as a signal-to-noise ratio at the PLL input: 


SNR; =v2/n2 = V7/2N,B; (6-25) 


where the signal power is v;*, and the noise power is n’. Then from Eqs. (6-23) and 
(6-25), the phase spectral density is 


©, = 1/B,SNR; (6-26) 


See Blanchard [3] for a more rigorous development of the results in this section. 


6—4 OUTPUT PHASE NOISE DUE TO INPUT NOISE 


Part of the noise-induced 0; passes through the PLL to produce phase noise 6, at the 
output. In Chapter 3 we saw that a PLL acts as a phase low-pass filter. The transfer 
function of a second-order PLL with an active loop filter is 


0, Ks + Kw, 
=H) 3-13 
0; s) s+ Ks + Ko, ( ) 
As in Eq. (6-9), the noise bandwidth B,; is given by 
B,= J |H(2nf)P af 
B, = (K + 0)/4 (6-27) 


From now on, the symbol B, will be used only for the PLL noise bandwidth as defined in 
Eq. (6-27). For w, — 0, Eq. (3-13) has the form of Eq. (6-6) with K = 34g, and Eq. 
(6-27) reduces to Eq. (6-10) with B, = (t/2)fsap, where fogn3 = K/27. Note that Eq. 
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FiGurE 6-7 Spectral density of noise- 
B/2 f induced phase 


(6-27) has the dimensions Hz on the left and rad/sec on the right; the factor of 27 is 
included already. For the purpose of phase noise calculations, the frequency response |H| 
of the PLL can be modeled as in Fig. 6—8a; it has unity gain up to f = B, and zero gain 
beyond that. Then as in Eq. (6-4), the spectral density of the output phase @, is given by 


Do, = Doi\H( j2af )|? (6-28) 


These spectral densities are shown in Figs. 6—8b and 6—8c for the case B,; < B;,/2, which is 
usually true in practice. The mean-square of 6, is the area under ®,,: 


0,2 = ©, B, = 2B,N,/V (6-29) 


or in terms of the signal-to-noise ratio 


6,7 = B,/B;SNR; (6-30) 


It is also of interest to know how much of the phase noise 6; appears as phase error 0, at 
the phase detector. For example, Eq. (4-46) shows the effect on K, of noise-induced 0,. The 
transfer function from 6, to 0, is 


0, % 
SHAS bao Fae a ae EE 
F Set PAS 7h K)5 


(3-28) 


S> 


From Eqs. (6-3) and (6-4), 


82 = S byilf) |Hd2nfo? af 
= ©, f, |H.Onp? af 


B/2 
=0,f° 1 -a- (KP) 4 


|H| 4 (model for noise analysis) 
1 B, =(K + wo)/4 
B, f 
(a) 
o; A (r2/Hz) = 
Area = 6? 
0 


B/2 f 


(b) 


(c) 


Area = 02 


Oo 


B, —w/2 B/2 . f 
(d) 
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Phase noise in a PLL 
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B,/2 
@,B/2- ®, J (1 - |H.P) f 


0,B/2 — ©, f , (l= |?) of (6-31) 


( 


for B, < B,/2. (The second term is the ‘“‘missing area’’ between f = 0 and f = B, — w,/2 
in Fig. 6-8d.)“Evaluating the integral in Eq. (6-31) for H, given in Eq. (3-28), we find 


df ( — |H.2af )|’)df = (K — on)/4 (6-32) 
Therefore 
02 = O,[B/2 — (K — o)/4] (6-33) 
Using Eq. (6-27), this can be put in terms of B;: 


0.2 = O,[B/2 — (B, — ©,/2)] 
= (2 N,/V/) [B/2 — (B, — «@,/2)] (6-34) 


On this basis, a “‘noise low-frequency cutoff’’ for H, can be thought of as (K — w,)/4 or 
B, — @,/2, as indicated in Fig. 6—8d. Note that while it is true that 0, = 0; — 9,, 
according to Eqs. (6-22), (6-29), and (6-34), it is not true in general that 0,2 = 67 — @,°. 
However, it is approximately true as w, becomes much less than K. 


EXAMPLE 6-1 


Given: f, = 10 MHz, the Q of the input bandpass filter is 20, SVR; = 10 at the PLL input, 
K = 400 krad/s, wm, = 100 krad/s, and the PD has a sinusoidal characteristic. Find 6; ...; 
0, ans s7and, O>~..“.bind.the effect of 0, ,,..on.the gain K, of the PD. 

The 3dB-bandwidth of the input filter is f,/Q = 500 kHz. From Eq. (6-13), the 
noise bandwidth is B; = (t1/2)f343 = 785 kHz. From Eq. (6-27), the noise bandwidth of 
the PLL is B, = (1/4)(400 + 100) krad/s = 125 kHz. From Eq. (6-26), the spectral 
density is @, = 1/B,SNR; = 1.27 X 107’ rad*/Hz. From Eq. (6-22), 07 = ©,B/2 = 
0.05 rad’, and 0; <= /0.05 = 0.224 rad. From Eq. (6-29), 6,7 = ©,B, = 0.016 rad’, 
and 0, im. = /0.016 = 0.126 rad. From Eq. (6-34), 0,7 ~ 0,(B/2 — B, + w,/2) 
= 0.040 rad’, and @, mms = J0.040 = 0.201 rad. From Eq. (4-46), Ki, = K,exp(— 0.7/2) 
= (0.98 Ky, only a 2% reduction. 
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6—5 VCO PHASE NOISE 


Noise within an oscillator causes phase noise 6, at its output: v, = V, sinQuf, + 6,). In 
the next section we will look at how 6, contributes to 8, when the oscillator is in a PLL. 
First we will characterize the spectral density of 6, when the oscillator is not in a PLL. 

A model of a resonant oscillator is shown in Fig. 6—9a. This is the same model used 
in Fig. 5—16a to analyze injection in an oscillator. Here a noise voltage n(t) rather than v; 
is added to the oscillation voltage v,. The amplitude of v, is V,, and the oscillation 
frequency is f, = 1/2 JLC . The n(t) is thermal noise, shot noise, and flicker noise 
generated within the oscillator and represented here as all originating at the amplifier 
input. The thermal and shot noise contribute a flat spectral density 


D.C fot Sa) = No Im > fa (6-35a) 


(a) (b) 


Do, @ off 3/F3, 
2N 
0) oO 
o | v2 
f,/2Q 
Be eee eee 
ft, ft, ae 
(c) (d) 


FiGuRE 6-9 Phase noise @,, in an oscillator 
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where 


SECA oAGE 
is called the offset frequency from f,. At frequencies near f, (small f,,), the flicker noise 
dominates with a spectral density proportional to I/f,,: 


®,, CY, + 64) = IN Res tr <i (6-35b) 


¢ 


The spectral density ®,, is shown as a function of the offset frequency f,, in Fig. 6—9c for 
fm > 9. (The portion of ®, for f,, <0, not shown, is symmetrical about f,.) The frequency 
f, below which flicker noise dominates cannot be calculated; it must be measured. The 
value of f, depends on the construction, materials, and environment of the oscillator, but it 
is typically around 10°° x f,. 

The addition of n(t) in Fig. 6—9a is represented as a phasor sum v; = v, + nin Fig. 
6—9b. As in the phasor diagram in Fig. 5—16b, the effect is that n produces a phase 
difference @ between v, and v;. But since n is a noise phasor, we need the analysis in 
section 6—3 to find the relationship between n and @. By a development similar to that of 
@®,; in Eq. (6-24), 


DySin) aa (2/V,”) ®,( fo 1 LEA, 


where ®, is the spectral density of @, and V, is the amplitude of the oscillation voltage 
v, = V,sin 27f,t. Then with Eq. (6-35), 


D, = OR ian 1 oi (6-36a) 
We See Snwela (6-36b) 

where 
0, =2N/V." (6-37) 


Because the phase @ is a baseband effect, f,, is no longer offset frequency but the entire 
frequency for which the spectral density ®, is defined. At this point, convention supports 
either f or f,, for notation; we will retain the f,, through this section. 

The bandwidth of the oscillator tank is f,/O, where the Q of the tank is discussed in 
section 5—5. Let the half-bandwidth be represented by /,: 


ty = fo/2Q (6-38) 


Spectral components of n(t) that fall within the tank’s bandwidth (f,, < f,) cause 
frequency modulation of the oscillator as v, did in the case of injection. Let the frequency 
deviation Aw, due to n(t) be represented by w,. Then Eq. (5-26) for injection becomes 


p 


WO, 


tan '(20w,/2uf,) ~ 20o,/2uf, = w,/2Th, 
(27f,) 
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for @ << 1. (The unperturbed oscillator frequency w,, is represented by 27, in the 
analysis here.) Then the corresponding spectral densities ®,,, and ®, are related by 


Don ss (27f,)' P,; ie = Sh 
Then with Eq. (6-36) 
®,, =i 0, (2th) falfns Sen < fa (6-39a) 
®., es ©,(2uf,)°; Ap < Tin = th (6-39b) 


Since the phase modulation 6,, is the integral of the frequency modulation w,, then 
6,(s) = (1/s) w,(s) and 


GA J2T = MLZ) OFZ 7) 
Therefore 
Do, Ge (1/2ttf ,)?P ons ies = i (6-40a) 


For f,, > f,, the feedback in the oscillator is effectively broken, and 0, = @. 
Therefore ; 


Do, oa D, = oO; ip aes (6-40b) 
Then from Eqs. (6-37) through (6-40), 


eles Nels I 


Pank Jn) 7 e toe 5 2V,°Q° i hae | Jn Sta oe 
a ie oe Nios 4 "ae : 
Do, Irn) a, & re ah OM ae uw ? ie = Ue <0 (6-41b) 
2N 
Do,( i poe o mg =a) ; fh — lee (6-41c) 
| 


This piecewise approximation to the phase spectral density is shown in Fig. 6—9d. Leeson 
[4] has confirmed experimentally the phase noise model expressed by Eq. (6-41). 

In communication applications, it is desirable to keep the phase noise 6, as small as 
possible. Equation (6-41) shows that 6, is minimized by maximizing Q, the oscillation 
amplitude V,, and the noise figure of the active components. Rohde [5] and Man- 
assewitsch [6] give more detailed suggestions for the reduction of oscillator phase noise. 

The flat portion of ®,,, does not extend forever; otherwise the phase noise would 
have an infinite mean-square. In practice, the curve breaks at some cutoff frequency f,, as 
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shown in Fig. 6—10. The full expression for the phase spectral density of an oscillator not 
in a PLL is 


{Sm + fo Sm + fo FE 


Do nf IF) ai OF fia Ge: ae He) 


(6-42) 


where ©, = 2N,/V,’, and f, = f,/2Q. 


EXAMPLE 6-2 


A 50-MHz oscillator has a tank with a Q of 25. The signal amplitude at the tank is V; = 
1 V, and noise with spectral density N, = 5 x 10 '* V*/Hz adds internally to this signal. 
Below the frequency f, = 3 kHz, flicker noise dominates. The output of the oscillator is 
filtered by a bandpass filter with half-bandwidth f. = 10 MHz. Find the spectral density 
of the oscillator phase noise. 

From Eq. (6-37), the spectral density for f, <f,, <f.is @, = 107 '? rad’/Hz, where 
Eq. (6-38) gives f, = 1.0 MHz. Therefore, the spectral density ®,,(f,,) is that shown in 
Fig. 6-10. 


Pon A (rad2/Hz) 
10-§ V,=1V 

No =5 x 107 4V2/Hz 
10-7 f, =50 MHz 


Q=25 


(log scale) 
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FicureE 6-10 Example of oscillator phase noise spectral density 
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Since it is impractical to fully characterize the noise source n(t), Pg, must be 
determined by measurement. There are several techniques for making this measurement. 
[7, 8] A simple method is to use a spectrum analyzer to measure the spectral density ®,,, 
of.the oscillator output v,. [9] The oscillator output is 


v, = V, sinQnf,t + 6,) (6-43) 


Just as Eq. (6-24) gives ®,; for 6; in Eq. (6-20), in a similar manner ®,, for 0, in Eq. 
(6-43) is given by 


Dy foie teen fo ak te) Im = 0 (6-44) 


where f, is the oscillation frequency (or “‘carrier’’) and f,, is the offset frequency: f,, = 
ip = fo: 

The dimension of ®,,, is V?/Hz, but a spectrum analyzer reads ®,,,(f) in dBm/Hz, as 
shown in Fig. 6—lla. The two dimensions are related by 


V*/Hz 


SEE Ee eas Ie 6-4 
50 Q xX 1 mW oa 


dBm/Hz = 10 log 


The spectrum is converted to dBc/Hz (dB relative to the carrier per Hz) by dividing the 
spectral density in V*/Hz by the ‘‘carrier’’ power V,,7/2, as shown in Fig. 6—11b. This is 
part of the conversion from ®,, to ®,, indicated by Eq. (6-44). The carrier power is 
usually expressed in dBm by 


Vie 


cae GR oe See 6-46 
50 Q X 1 mW ( ) 


dBm (carrier) = 10 log 


For example, V, = 1 V corresponds to 10 dBm. Then from Eqs. (6-45) and (6-46), we 
have the dimension 
dBc/Hz = dBm/Hz — dBm (carrier) 


V7/Hz 
Vie 


10 log (6-47) 


When the spectrum is translated down to baseband, as indicated by the conversion in Eq. 
(6-44), the dimension in Eq. (6-47) has the interpretation 


dBc/Hz = 10 log rad’/Hz (6-48) 


For example, —30dBc/Hz corresponds to 10~° rad*/Hz. This translated spectrum is 
shown as ®,, in Fig. 6—11c. Note that this plot is with a linear frequency axis, as most 
spectrum analyzers provide. When converted to a log frequency axis, the plot of ®,,, 
appears as in Fig. 6-10. 
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Ficure 6-11 Phase spectral density from voltage spectral density 
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The characterization here of oscillator phase noise was for the case of an oscillator 
(or a VCO with v.. grounded) not in a PLL. We will see that a PLL can improve the phase 
noise of a VCO by locking it to a frequency source with less phase noise, such as a crystal 
oscillator. 


6—6 OUTPUT PHASE NOISE DUE TO VCO NOISE 


In Chapter 5 we ignored phase noise, and the VCO phase was determined by the control 
voltage: 6, = v.(K,/s) (see Fig. 2-4). In the previous section we assumed v, = OQ, and the 
VCO phase was entirely the phase noise 6,. When the VCO is in a PLL, both v, and 6, 
influence the VCO, and the VCO phase is 


0, = vA(K,/s) + 86, (6-49) 
This is represented by the signal flow graph in Fig. 6—12a. Here the input phase 6; is 
assumed to be zero so we can see the effect of 6,, alone. Within the PLL bandwidth, 6, is 
mostly canceled by the first term in Eq. (6-49) as the PLL tries to lock 6, to 6;. 
From control theory, Fig. 6-12 leads to the transfer function 


6,/0, = I/[1 + G(s)] (6-50) 


But this is H,(s). Then from Eq. (3-28), 


fo = HAs) : (6-51) 
— S — a eT i 
6, i s° + Ks + Ko, 
From Eq. (6-4), the spectral density of the output phase is 
Dy(f) = Ponlf) |HG2uf)|? (6-52) 
where from Eq. (6-51) 
eo ts inf) 
A(j2nf)|° = (6-53) 


(2uf )* + (K* — 2Kw,)(2uf )* + Kw,” 


G(s) On 


Gam olobiee w 
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FicurE 6-12 Transfer function from @, to 6, 
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(We return to the simpler symbol f here rather than f,,,.) The mean-square phase noise 6, 
is the area under the curve given by Eq. (6-52): 


B= Sane oss 


Substituting Eqs. (6-42), (6-44), (6-52), and (6-53) into this equation and evaluating the 
integral yields 


Bis K iG 
G7 ~ Be(K2n) | + 22 a | + SE -f)O, 655) 
4 y lf Wy 2 
where 
y= 1 — 40,/K 


This approximation holds for f, < K/27m < f,/4 and f, = f.. For the case w, = K/4, Eq. 
(6-55) becomes 


0,? = Do,(K/2m)[K/4 + 2f,] + (w/2)( f. — f,) Oo; @ = K/4 (6-56) 
For the case w, << K/4, Eq. (6-55) can be approximated by 
0,7 ~ Do,(K/2m)[K/4 + f, €n(K/o)] + (1/2) f. — f,) O,3 02 << K/4 (6-57) 


Note that for f, << K/4, 62 is not a function of w,. 


EXAMPLE 6-3 


The phase noise spectral density of a VCO is that shown in Fig, 6-10. A bandpass filter 
with a 10-MHz half-bandwidth reduces the phase noise above f = 10 MHz (see ®,,, in 
Fig. 6-13). The PLL has K = 27(100 kHz) and w, = 27(10 kHz). Find 6, ,», for the 
VCO in the PLL. 

A Bode plot of |H,|* is shown in Fig. 6-13. It is unity for f > K/27 and is 
proportional to f? between ,/2m and K/27. Therefore, the product ®,, = Dalal 
follows ®,,, for f > 100 kHz and is flat for 10 kHz < f< 100 kHz. The value where it is 
flat is B,,(K/2m) ~ ©, (2mf,/K)”? = 107'! rad?/Hz [see Eq. (6-41b)]. Then from Eq. 
(6-55), y = 0.775, and 


6,7 = (107 !'rad?/Hz)[(m/2)(100 kHz) + 30.5 kHz]+(10~ ’rad’/Hz)(11/2)(9 MHz) 


Per 10 el ae LO e810 rads 


Then the square root gives 0, pms = 0.0018 rad. 
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Figure 6-13 PLL phase noise @, due to VCO phase voise 8, 


6—7 OUTPUT PHASE NOISE DUE TO BOTH 
NOISE SOURCES 


Let ®,,,, be the portion of ®,, due to ®,,, as analyzed in section 6—6. Let D,,; be the 
portion of ®,, due to B,;, as analyzed in section 6—4. Then, as in Eq. (6-52), 


Doon(f) = Pon f) He j2af )/ (6-58) 
and as in Eq. (6-28), 
®,,(f) = Doi f) |A( j2nf | (6-59) 


Since these phase noise components are from different sources, they are independent, and 
the powers sum to give the spectral density at the output: 


D,/) Fa Do onl) at Dy, f ) (6-60) 


Then 6, is the area under this curve. 
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EXAMPLE 6—4 


®,,; at the input to a PLL is flat with spectral density 10? rad*/Hz. The VCO phase noise 
spectral density ®,,, falls as 1/f? and is 10~°? rad*/Hz for f = 10 kHz (see Fig. 6-13). 
(Here we are making the simplifying assumptions f,, ~ 0 and f, ~ f..) Also, for simplicity, 
we assume w, << K so that B, ~ K/4. Find 0, ,,,, for (a) K = 27(3.2 kHz), (b) K = 
27(10 kHz), and (c) K = 27(32 kHz). 

The five spectra are plotted in Fig. 6—14a for the case K = 27(3.2 kHz). The flat 
portion has the value ®,,(K/2m) = 10° * rad*/Hz. ®,,,; follows ®,,; = 10° ° for f < K/27 
and falls as 1/f * for f > K/27. As can be seen from the plots, ®,,, is always a factor of 10 
below ®,,,,. Therefore, D,,; is negligible, and By, ~ ,,,, for this case. For f, = f., the 
second term in Eq. (6-55) disappears, and 6,° = ®,,(K/27) K/4 = 107° xX (q/2) (3.2 
Riz) —"5 08 1052 rad» and-o. = 0.00707 radians. 

For the case K = 277(10 kHz), the spectra are as shown in Fig. 6—14b. The plots for 
P,,, and P,,; coincide here because K/27 happens to be at the intersection of ®,,, and B,,. 
The flat density of each is 10~? rad*/Hz for f < 10 kHz. The total ®,, is their sum, with a 
flat density of 2 x 107° for f< 10 kHz. Then the area under the curve is 6,7 = (2 x 107° 
rad?/Hz)K/4 = (2 X 407? rad*/Hz) 15.7 kHz = 3.14 x 107° rad?, and 0,4... = 0.0056 
radians. 

For the case K = 27(32 kHz), the spectra are as shown in Fig. 6—14c. As can be 
seen from the plots, D,,,, is always a factor of 10 below ®,,. Therefore, ®, ~ ®,,; for this 
case. The area under the curve ®,, is 0,7 = (10? rad?/Hz)K/4 = (10? rad*/Hz) 50 kHz 
on X= LOeartad?,cand.02— =, 0.00707. radians) 


Of the three cases, note that the minimum @, ,,. is realized when K/27 is at the 
intersection of ®,, and ®,;. Let this value of K be represented by K’: 


D,,(K'/277) 7 Do; (6-6 1) 


This value of K minimizes 6,” when ®,,(f) is flat and ®,,, is dominated by Eq. (6-41b), 
falling as 1/f*. Then the minimized mean-square phase noise is 


On) eK 4) — DK 2 (6-62) 


Because K affects other performance parameters, the best choice of K may not be 
K'. In Chapter 9 we will see that reducing K reduces spurious modulation of 6,. 
Therefore, the best tradeoff is sometimes achieved by some K less than K’. In that case, 
®,,,, dominates as in Fig. 6—14a, and 


6,2 = (K/4) ®,,(K/277) 
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FicurE 6-14 Phase noise both at input and in VCO 
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Here we are assuming that ®,,(f) falls as 1/f* [see Eq. (6-41b)]. Then ®,, (K/27) is 
proportional to 1/K*, and 


> 
NO 
| 


alK; KK (6-63) 


where a is a constant. Equation (6-63) indicates that, for the conditions assumed here, 
increasing K reduces phase noise. But increasing K increases spurious modulation of 6, 
(see section 9-1—2 and section 11—4). Therefore, a tradeoff is involved. 


6-8 CYCLE SLIPS 


In the noise analysis so far we have assumed that the noise n was small enough compared 
with the signal v; that the resulting phase 0; was small—small enough that tan 6; ~ 6; (see 
Fig. 6—6). But Gaussian noise has occasional large excursions, even for small 0; pms. 
These can cause cycle slips (jumps of 27r) between the phases of v,; and v,. The energy in 
these cycle slips is much greater than the amount of phase noise predicted by Eq. (6-30). 
This effect becomes significant at low SNR, and causes the “‘clicks’’ in FM demodulation. 

Consider the phasors for v; and for v; + n shown in Fig. 6—I5a. Since v,(t) is 
unmodulated, v; stays horizontal. The noise n causes v; + n to deviate from v;, but 
usually not too far, as shown by the locus. Occasionally n becomes larger than V; (the 
length of v,) and of the opposite phase from v, so that v,; + nm goes around the origin (see 
the counterclockwise loop in Fig. 6—15a). This is a noise-induced phase change of 277 in 
0; [see the plot of 0,(t) in Fig. 6—15c]. 

If the PLL bandwidth B, is large enough to pass all the frequency components of 6,, 
then v,, will follow the phase of v; + n, as shown by the locus in Fig. 6—15b. Unlike the 
magnitude of v, + n, the magnitude of v, is constant. (The loops in the locus are 
separated only so they are distinct.) Figure 6—15c shows 0, ~ 6; for large B,;. As 0; and 6, 
settle down around 27, there is one cycle difference in phase between v, and the noiseless 
input v;, which never varied in phase. This is called a cycle slip. 

Let B, be reduced to the point that 6, can’t follow 6, as it rises rapidly toward 27 
radians. This is shown by the dashed curve of 6,(¢) in Fig. 6—15c. Once the difference 
between 9; and 6, exceeds 7, v, finds it closer to approach v,; + n in a clockwise 
direction, and 6, starts to decrease. Eventually, 6; settles down around 277, and 0, settles 
down around zero; 6, has avoided a cycle slip. 

The probability of a cycle slip depends on the power of n that falls within the 
bandwidth B, compared with the power V,7/2 of v;. But from Eq. (6-29), this is propor- 
tional to 6,”. The exact analysis of cycle slips is difficult because of the nonlinear nature 
of the PLL for large noise. Viterbi [10] has derived an approximate expression for the 
mean time 7, between cycle slips for a first-order PLL: 


T, ~ (w/4B,) exp(2/6,”); One Kk (6-64) 
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Ficure 6-15 Cycle slip due to noise 
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We see the expected dependence on 0,7. The exponential function is about inversely 
proportional to the probability that 6, exceeds 2 radians. 

Equation (6-64) holds for highly damped cases with w, much less than K. Experi- 
mental data by Ascheid and Meyr [11] show that for the critically damped case, 


T, ~ (w/5.6B,) exp(1.66/0,”): w = Ki4 (6-65) 


Almost all applications fall between these two situations. Therefore, Eqs. (6-64) and 
(6-65) effectively serve as upper and lower bounds on 7,. See Blanchard [12] for a 
mathematical treatment of cycle slips. 


EXAMPLE 6—5 
A PLL has a noise bandwidth B, = 125 krad/s and w, = K/4. For 6 = (0.016 rad? (see 
Example 6-1), find the mean time between cycle slips. 
Equation (6-65) gives T, = 5.1 x 10°? sec = 1.6 x 10°* yr. If the output phase 
noise is increased to 6,7 = 0.09 rad’, then 7, = 7.6 minutes. If the damping were 


increased so that w, << K, then from Eq. (6-64), the 7.6 minutes would be increased to 
7.8 hours. 


This example indicates that cycle slips are generally negligible for 0,7 < 0.09 rad’, 
or 


6 So rad (6-66) 


oOo rms 
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CHAPTER 


A 


MAINTAINING Lock 


Our analysis of phase-locked loops in Chapters 2 and 3 used linear models of the PD and 
the VCO. If the input frequency deviation is too large, those models no longer hold. When 
the PD reaches the limit of the voltage it can put out or the VCO reaches the limit of the 
frequency it can generate, the PLL loses lock. In this chapter, we look at limitations on 
input frequency so the PLL will maintain lock. 


7—1 HOLD-IN RANGE 


Consider a PLL that is in lock (w, = ,), and let the input frequency w, be changed very 
slowly. The range of frequencies over which the PLL can stay in lock is the hold-in range. 
This is essentially the range of frequencies the VCO can reach given the limitations of its 
VCO characteristic and the limitations on its control voltage v,... This rather simple concept 
of hold-in range is best illustrated by an example rather than by developing general 
formulas. 
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EXAMPLE 7-1 


A PLL has a PD with the characteristic shown in Fig. 7—la, a VCO with the characteristic 
shown in Fig. 7—1b, and one of the loop filters shown in Fig. 7—Ic, d, or e. (Note that K,, 
= 0.4 for each of the loop filters.) Find the hold-in range of the PLL with each of the loop 
filters. 

The hold-in range can’t exceed the range from 7 Mrad/s to 23 Mrad/s since the VCO 
characteristic doesn’t extend beyond this range. Any further restriction of the range is due 
to restriction of v.. The maximum steady-state control voltage is 


Ve max — F(Q) V os (/-1) 


where F(0) is the dc gain of the loop filter and V,,, is the maximum v, the PD can put out. 
By the symmetry of the PD characteristic in this example, v. win = — Ve max: 

For the voltage divider ‘‘loop filter’’ in Fig. 7—-Ic, F(O) = 0.4. Since V,,, = 5 V, 
Eq. (7-1) gives v. max = 2 V. From the VCO characteristic in Fig. 7—1b, the correspond- 
ing upper limit of the hold-in range is @, max = 9 Mrad/s. The minimum v, is —2 V, 
which exceeds the lower end of the VCO characteristic. Therefore, the lower limit of the 
hold-in range 1s ®, min = 7 Mrad/s. 

For the passive loop filter in Fig. 7—1d, F(O) = 1.0. Then Eq. (7-1) gives v. max = 5 
V. From the VCO characteristic, the corresponding upper limit of the hold-in range is 
®5 max = 15 Mrad/s. The minimum vy, is —5 V, which exceed the lower end of the VCO 
characteristic. Therefore, the lower limit of the hold-in range is still ©, min = 7 Mrad/s. 

For the active loop filter in Fig. 7-le, F(O) = ©. Then v,. is unlimited, or in practice as 
high a voltage as the op amp can provide. We will assume that this is greater than 9 V, and the 
upper limit of the hold-in range is 23 Mrad/s. As before, the lower limit is 7 Mrad/s. 


7-2 INPUT FREQUENCY DEVIATION Aw, 


When the input frequency changes rapidly, the PLL may lose lock before the limits of the 
hold-in range. This is because |F( jw) | < F (0) which, together with Eq. (7-1), says v, is 
more restricted for high modulation frequency w. The physical reason is that the capacitor 
in the loop filter doesn’t have time to charge in following rapid changes. The rest of this 
chapter will find limits on input frequency deviation so the PLL will be able to maintain 
lock. 

We need to define input frequency deviation. In Chapter 2, w; was defined as a 
constant in the expression for the input signal: v; = sin(w,t + 0,), where 0; is a function of 
time. Therefore, any deviation of the input frequency must come through @;. For zero- 
mean 6;, w; is the average input frequency, but the complete frequency is the time 
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Figure 7-1 Example of hold-in range 


derivative of the argument w,t + 6,. Let this complete input frequency be represented by 
w, + Aw;, where Aw,, is the frequency deviation. Then 


w, + Aw; = d/dt (wt + 6) = w; + d6/dt 


Aw, = d6/dt (7-2) 
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In fact, phase modulation and frequency modulation are indistinguishable. Deviations that 
are large enough to cause loss of lock are usually thought of as Aw; rather than 6;. 
Therefore, we will find limits on Aw, so the lock is maintained. If desired, corresponding 
limits’on 0; can be found through Eq. (7-2). Before looking at a more exact derivation of 
these limits, we will first establish some physical insight as to what allows the PLL to 
handle a frequency step without losing lock. 


7-3 LOCK-IN FREQUENCY w, 


In this chapter, we assume the loop filter is active, which provides the best performance in 
maintaining lock. The PLL circuit in Fig. 7—2 uses a simple version of such a loop filter 
(see Fig. 3-5 for other versions). The PD in Fig. 7—2 is modeled by one of the 
characteristics in Fig. 7-3. Usually a PLL loses lock when 6, exceeds the PD range— 
when the PD is asked to provide more voltage than V,,,,. Figure 7-3 shows the phase error 
0.,, that corresponds to vz = V,,, for a number of phase detectors. The VCO is modeled as 
in Chapter 2 by 


mueea-K (ve V4) FO); (7-3) 


Note that the control voltage v. is made up of the voltage across R, plus the voltage across 
the capacitor in the loop filter: 


Vo = Vo + V3 (7-4) 
Consider the case of a constant input frequency w,;. In steady state (after any acquisition 
transients have died out), wo, = w;. From Eq. (7-3), this requires v. = V,,. This is 


provided by the capacitor in the loop filter having been charged to v; = V,,, during the 
acquisition. Then from Eq. (7-4), v. can be zero. But 


Vo = (Ro/R)) Vg = Ky Va (/-3) 


= Vo = V4 


Vi 


Vo 


Wo = Ko(Ve— Veo) + w; 


FiGure 7-2 Example of second-order PLL circuit 
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Figure 7-3 Maximum phase error for maintaining lock while tracking 
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Therefore, v, is also zero, and from the PD characteristics in Fig. 7-3, 6, = 0. (This 
assumes the PD offset voltage V,, is zero.) 

Consider now a step change of height Aw for the input frequency deviation Aw,, as 
shown in Figure 74a. Then if w, is to maintain lock, the VCO frequency w, must follow 
with a step Aw, of height Aw as in Fig. 7-4b. This is achieved by a step Av, in the control 
voltage: 

Av. = Aw,/K, = Aw/K, 
Which component of v, in Eq. (7-4) provides this Av..? Since v3 can’t change instantly, it 
plays no part in the early part of the step. To simplify the study in this section, we will 
assume that C is very large (w. << K) so v3 1s essentially a constant for the duration of the 
analysis. Then v,, which was zero, becomes 


v, = Av, = Aw/K, 


Aw; 


~ 


(a) 


Aw, 


~ 


(b) 


(assumes v3 constant) 


¢  Ficure 7-4 Simplified responses to a 
(c) step change in input frequency 
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and from Eq. (7-5), 

Va = Vo/K, = Aw/K,K,, (7-6) 
If Aw is not too large, then v, doesn’t try to exceed the V,,,, that the PD can provide, and 
the PLL stays in lock. The maximum Aw for which this holds is called the lock frequency 


@/: 


Ven 


w,/K,K,, 
KKiVam (7:7) 


Wy 
(in Chapter 8 we will see this w, has another interpretation in terms of acquisition 
behavior.) 
For a piecewise-linear PD characteristic, 0. = v,/Ky. Then from Eq. (7-6), 


0. = Aw/K,K,K , = Aw/K 


This response is plotted in Fig. 7-4c. Let @,,, be the maximum @, for which the 
characteristic is still linear. Figure 7-3 shows that 


Ae tr 2radianss a XORTED 
9. = 7 radians; 2-State PD 
O.m = 27 radians; 3-State PD (7-8) 


For a piecewise-linear PD characteristic, there is a simple relationship between the V,,,, in 
Eq. (7-7) and 68cm: 


Vam = Ka8em (7-9) 
Then Eq. (7-7) can be represented in the simpler form 
WO, = KoK,KqQem = Kem, (7-10) 
where K is the PLL bandwidth. 
For a multiplier PD with a sinusoidal characteristic, V,,, = Kg, aS shown in section 


4-1. Then from Eq. (7-7), wo, = K,K,Kq = K. This case can be included in Eq. (7-10) if 
we use 


0 


em 


= | radian; Multiplier PD 


6, will actually go to 7/2 radians before losing lock, but using the value 6,,, = 1 radian 
will give the correct results for a linear analysis. (The dashed line in Fig. 7—3a is the linear 
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model for the sinusoidal characteristic.) Then for the various PD characteristics, Eqs. 
(7-8) and (7-10) give 


wo, = K; Multiplier PD 
W, = (1/2)K; XOR PD 

wW, = TK; 2-State PD 
W, = 27K; 3-State PD 


The PLL will maintain lock for a step change Aw if Aw < o,. 

The analysis here was greatly simplified. It assumed the phase error 6, could change 
instantly to provide the needed voltage for the VCO to follow Aw;. In fact, though, 6, is 
the integral of the frequency error (which equals Aw immediately after the step), and it 
takes 0, a short time to get to its new value. We also assumed v3 across the capacitor was 
constant. Actually v3; changes slowly, gradually taking over the voltage that v, had to 
provide initially. These details are treated more formally in section 7-5. 


7-4 TRANSFER FUNCTION FROM Aw, TO O, 


We will find the peak @, for different waveforms of Aw, and then establish bounds on 
Aw; so that 6, < 6,,,——So that the PLL maintains lock. The waveforms of Aw; examined in 
the following sections are a step, a ramp, a sinusoid, and a random signal. 

An ac model for a PLL is shown in Fig. 7—5. In particular, the PD is modeled by the 
gain K,, although this holds only near 6, = 0 for a multiplier PD. From Eq. (7-2), 6; is the 
integral of Aw,;. Therefore, 0; is shown in Fig. 7-5 as (1/s)Aw;, where 1/s represents 
integration, and Aw; represents the change in the input frequency. For an active loop 
filter, we determined in section 3-8 that the transfer function from 6; to 6, is 


0.(s) s? 
ca) 6 FAS Nabe ace vec geecy eg 
0(s) Std AS) cK Gy 


(7-11) 


Aw; 0; 
l/s H.\s) 


Figure 7-5 Transfer function from w; to @.—a linear model 
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Then the transfer function from Aw; to @, is given by 


0.(s) | s 
ae ee et Oe ae ce aR REN S SET VE 7-12 
Aw,(s) s cs) s+ Ks + Ka, ( ) 


For @) << K, the transfer function in Eq. (7-12) can be approximated by 


RACE og la ie (7-13) 
Aw,(s) (s + w)(s + K) : 


with a corresponding frequency response plotted in Fig. 7—6. The response has high- and 
low-frequency cutoffs at w, and at K and a ‘‘midband gain”’ of 1/K. 


7-5 HANDLING A FREQUENCY STEP 


Suppose the change Aw, in the input frequency is a step of height Aw, as shown in Fig. 
7—Ta. This is essentially what happens when a user changes the frequency of a frequency 
synthesizer, for instance. Since 0,/Aw,; ~ 1/K for the band of frequencies from , to K, 


1/K 


FiGurE 7-6 Frequency response of 6,/Aw; transfer function 
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Aw -F—— 


(a) 


Aw/K 


0.74 Aw/K 


2 


(c) 


FicurE 7-7 Response to a frequency step 


then 6, is approximately a step of height Aw/K. The high-frequency cutoff at K causes a 
finite rise time, and the low-frequency cutoff at w, causes sag in the 0, waveform, as 


shown in Fig. 7~7b. Using Laplace transforms together with Eq. (7-13), we can solve for 
the transient 


0,(t) = (Aw/K) (e °* — e—*); a < K/4 (7-14) 


For w, << K, the 0, waveform reaches a peak value of almost Aw/K. (For @) = K/25, 
the peak value is 0.87 Aw/K.) The highest design value of w, in practice is @) = K/4. In 
that case, Eq. (7-12) gives 6,/Aw, = s/(s + K/2)’, and Laplace transforms give 


O().=Aarnenh ts Ww, = K/4 
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which has a peak value of 0.74 Aw/K (see Fig. 7—7c). In any case, 
6.(t) < Aw/K 


holds for all @,. In order to maintain lock, we need to ensure that 6,(t) < 6,,,, for all t. This 
will be satisfied for all w, if 


AwlK < O.», (7-15) 


This bound for a frequency step relies on a parameter within the PLL design—8,,,, of the 
PD characteristic. By contrast, w, 1s a parameter that can be measured externally to the 
PLL. Therefore, it is often useful to use 0,,,, = @,/K from Eq. (7-10) to present the bound 
for a frequency step in the form 


Aw < w, (7-16) 


This is, in fact, our definition of w, from the previous section, but now it has been 
established on a more formal basis. 

The bound in Eqs. (7-15) and (7-16) assumes that the PLL has an active filter and 
that the initial phase error is 6, = Q. If there is a static phase error 6,,, or if the PLL had 
not reached steady-state before the step change in Aw,, then the bound may not be 
adequate to ensure lock is maintained. Suppose w, = K/25 and a second step occurs at a 
time 25/K after the first step, as in Fig. 7-8a. Then from Eq. (7-14), 6, = 0.37 Aw/K at 
the time of the second step, and the peak value of 0, due to the second step will be about 
0. max = (0.37 + 0.87)Aw/K = 1.24 Aw/K (see Fig. 7-8b). Then to satisfy 0. (1) < 8 cn 
= w,/K, we would need to restrict 1.24 Aw < w,, or Aw < 0.8 w,. This is a tighter bound 
than Eq. (7-16). 


7—6 HANDLING A FREQUENCY RAMP 


The input frequency change Aw, is said to be a ramp if its time derivative is a constant 
Aw (see Figure 7—9a). Since a ramp primarily consists of lower frequencies, we can no 
longer characterize the transfer function 6,/Aw; = (1/s) H, by its midband gain 1/K shown 
in Fig. 7—9b. (For convenience, Fig. 7—9b is drawn for the case K < 1.) 

For low frequencies, Eq. (7-12) reduces to the approximation 


02/Aw,; = s/Kod; for w < (7-17) 


The frequency response of this approximate transfer function is plotted in Fig. 7—9c. This 
is just a differentiator, which is basically due to having the loop filter (an integrator) in the 
feedback path. The corresponding phase response @, is shown in Fig. 7—9d. It is a constant 
of height Aw /Kw). 
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Aw; 


2Aw 


Aw 


/-_—______—_——.25/K ———_———>| t 


(a) 


1.24 Aw/K 


0.87 Aw/K 


0.37 Aw/K 


Figure 7-8 Response to multiple steps 


We can get a better approximation to the transfer function by including the second 
term in the denominator of Eq. (7-12); 


1 
07/Aw; = Be a oe ee rn (7-18) 
Ks + Kod Kw, S/W. + 1 


The frequency response now includes the break at w,, as shown in Fig. 7—9e. The effect 
of the break is to low-pass the response 60; to give the better approximation 


6, = (Aw /Kw,) (1 —'e °*) 
which is graphed in Fig. 7—-9f. Note that the response still doesn’t exceed A® /Kw. 
We could go on to include the effect of the break at K, but for K = 4 w, the effect is 


small, and the phase error still doesn’t exceed A® /Kw,. To maintain lock, we must have 
0:(t) < 02, Which is satisfied if 


A® /Ka> < Oop (7-19) 


Aw; 


slope = A® 


(a) 


6. Ay 


Aw; a s?+Ks+ Kw 


66 
A® 
Kw 
t 
(c) (d) 
Ger Oe 
Aw; 
A® 
Kw 


— | |/w2 |~<— t 


Aw; + Ks + Kw? 


(f) 
(e) 


FiGuRE 7-9 Response to a frequency ramp 
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Together with 0,,, = ,/K from Eq. (7-10), the bound can be put in the form 
A® < ww (7-20) 


This corresponds to the maximum rate the PD voltage can charge the capacitor in the loop 
filter. The PLL will eventually lose lock when it reaches the limit of its hold-in range, and 
Eq. (7-20) no longer holds. 


EXAMPLE 7-1 


A rocket accelerating at 30 Gs receives a communication signal with a 1.6-GHz carrier. A 
PLL with a multiplier PD is used to track and recover the carrier. What is the minimum 
bandwith K the PLL may have and still maintain lock? 

An acceleration of 30 Gs is a = 30 X 9.8 m/s” = 294 m/s’. The speed of light is c 
= 3 x 10° m/s. Therefore, the rate of change of Aw; is Aw = (a/c)w; = (0.98 x 107°) 
27 X 1.6GHz = 10000 rad/s’. For a multiplier PD, w, = K. Then Eq. (7-20) becomes 
A®< Kw,. K is minimized here by maximizing w,. Let w. = K/4. Then K*/4 > Ao = 
10000 rad/s*, or K > 200 rad/s. 


7-7 HANDLING SINUSOIDAL FM 


Consider the case when Aw, is frequency modulated by a sinusoid: 
Aw, = Aw sin(,,t) (7-21) 


(See Fig. 7—-10c.) The resulting 0, depends on the transfer function 0,/Aw;, whose 
frequency response is shown in Fig. 7—10a. Figure 7—10b shows that the magnitude 
|0./Aw,| is bounded from above by each of three different functions of w,,: 

|0./Aw;| S w,,/Kw, 

\0./Aw,| = 1/K 

|0./Ao;| = 1/w,, (7-22) 


Then the peak value of 0, is 8. max = |0./Aw,| Aw, and all of the following bounds hold: 


6. max = Aw w,,/Ko 
eee ie SAC 
0. max = Aw/o,, (7-23) 


w2 K Wm 


(a) 


(b) 


Aw; 


Aw 


Wm 


(c) 


(phase depends on w,,) 


(d) 


FicurE 7-10 Response to sinusoidal FM 
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(See Fig. 7-10d.) Maintaining lock requires that 8, wax = 92m, where @,,, is the PD phase 
range. According to Eq. (7-23), this will be satisfied if any of the following bounds are 
satisfied: 


Aw 0,,/K@. S Oem 
Aw/K = 6. 
AW/On S Oem (7-24) 


Using 0,,, = ©,/K from Eq. (7-10), this can be stated in terms of w,. The PLL will handle 
sinusoidal modulation of Aw, if any of the following are satisfied: 


Aw = 0,0)/0,, 
Aw = 7) 


Aw = 0,,0,/K (7-25) 


IA 


The first inequality says the voltage across the capacitor in the loop filter is alone able to 
cause the VCO to track w;. The second inequality says the voltage across R, is alone able 
to cause the VCO to track w;. The third inequality says it is not necessary for the VCO to 
track w,; the phase error @, never exceeds the range of the PD. 

Sinusoidal FM is not very interesting in itself; it conveys no information. But it 
approximates some modulations of interest, such as band-limited frequency shift keying 
(FSK). 


EXAMPLE 7-2 


Consider data transmitted using FSK with a baud of fg = 600 bits/sec with 1200 Hz 
representing a ‘“‘mark’’ and 2200 Hz representing a ‘‘space.’’ A PLL with an XOR PD is 
used to demodulate the data by tracking the modulation. Find the minimum K for which 
the PLL will maintain lock. 

For the bit sequence 1,0,1,0, etc., the frequency deviation Aw, is a square wave 
with frequency w,, = 27 X f,/2 = 1880 rad/s. If the transmission is band limited, the 
modulation becomes more sinusoidal, as Aw; in Fig. 7—10c. The mark and space 
frequencies can be expressed as 1700 Hz + 500 Hz, sow; = 27 X 1700 rad/s, and Aw 
= 2m X 500 rad/s = 3140 rad/s. 

For an XOR PD, 0,,,, = ™/2. Considering the first bound in Eq. (7-24), choosing , 
large as possible will help minimize K. Therefore, let w, = K/4. Then Eq. (7-24) says at 
least one of the following must be satisfied: | 


4 Aw w,,/K? = m/2 
Aw/K = a/2 


Aw/w,, = 7/2 
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Then we must choose K to satisfy at least one of the following: 


K = |(8/m)Aw o,, = 3880 rad/s 
K = (2/m)Aw = 2000 rad/s 
Nolo, = 1.67 n/2, = 1,57 


The last bound cannot be satisfied. Then to minimize K, we choose to just satisfy the 
second bound: K = 2000 rad/s, and w, = K/4 = 500 rad/s. 


7-8 HANDLING RANDOM FM 


When a carrier is frequency modulated by an analog signal, the modulation usually has a 
broad spectrum and is best characterized as a random signal. For simplicity, we assume 
that the power spectral density ®,, is flat out to a bandwidth of B,,, as shown in Fig. 
7-Ila. (See Chapter 6 for a discussion of power spectral density.) The area under the 
curve is Aw,*, where Aw; has a zero mean. Then the spectral density must be 


Aw;7/B ny; i << Bn 
®,; = : (7-26) 
v; eB? 
The power spectral density for 6, is given by 
Py. = |0/Aw]"®,, (7-27) 
where |6,/Aw,| is plotted in Figure 7-11b. This is the same response as the plot in Fig. 


7—10a, except the function is in terms of f, where f = w,,/277. As in the previous section, 
|0./Aw,;| is bounded by either of the functions shown in Fig. 7-1 1b: 


|0./Aw;| S 2nf/Ko> (7-28a) 


|0./Aw,| < 1/K (7-28b) 


(A third bound |0./Aw,| <= 1/27f is not useful here.) From Eqs. (7-26), (7-27), and (7-28), 
we have the two bounds 


QnfyrAo* $< B, 


Dy aye aK 5 (7-29a) 
0; a= De, 
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(a) 


VWKE 2. ee ee 


be 
WA 
(b) 
Ficure 7-11 Response to random FM 

0/1B pK; eae 
Dy = (7-29b) 

0; i eaB, 
Since the mean square of 0, is given by 04 = f ®,.df, carrying out the integra- 

tion of Eq. (7-29) gives the two bounds : 

Be (271B,,)” Aw 7 (7-30a) 
Te 3K*ws at 
62 < Aw?/K? | (7-30b) 


Taking the square root of both sides of Eq. (7-30) gives bounds on the root-mean-square 
of 0,: 


éQ fe 271B ,AW; rms (7 oe ) 
COLUMNS wane 3B K 5 -Ila 
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0. rms = Aw; rms (7-3 1b) 
We would like to be in a position now to use Eq. (7-31) to get bounds of 6, in terms of 
bounds on Aw;. But for Gaussian random Aw, there is no bound on either Aw, or 6,. As a 


practical matter, we define the maximum @, as that value that is exceeded only 0.05% of 
the time. From a normal distribution table, this corresponds to 


6. max — 3:3 6, rms (7-32) 


Maintaining lock requires 0. max = 9m. Then Eqs. (7-31) and (7-32) give two bounds, 
either of which being satisfied will assure that lock is maintained: 


afk Lay (7-33a) 
(3 K W> 
BIS Noe Ki 0m - (7-33b) 


Using 6,,, = ©,/K from Eq. (7-10), this can be stated in terms of w,. The PLL will handle 
random FM of Aw, if either of the following is satisfied: 


3 Wy, W2 
AAS ll es ets 2 
Oi rms 77nB,, (7544) 
AW; rms = 0,/3.5 (7-34b) 


EXAMPLE 7-3 


An FM radio station transmits music with a uniform spectrum out to a bandwidth B,, = 15 
kHz. The frequency deviation Aw; corresponds to the amplitude of the music, where the 
Gaussian distribution of the amplitude causes the frequency deviation to exceed 75 kHz 
only 0.05% of the time. A PLL with a multiplier PD is used to demodulate the signal. 
Find the minimum bandwidth K for which the PLL will maintain lock all but 0.05% of the 
time. 

The maximum frequency deviation in rad/sec is 3.5 Aw, ,.,; = 27 X 75 kHz = 471 
krad/s, or AW; -ns = 135 krad/s. For a multiplier PD, w, = K. Let w, = K/4. Then Eq. 
(7-34a) gives 


k2 
K 


4X TMB, rms//3 = 102500 (krad/s)? 
320 krad/s 


IV IV 
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and Eq. (7-34b) gives 
K = 3.5 AO; ns = 471 krad/s 


To minimize K, we choose to satisfy the first bound with K = 320 krad/s. Then w, = K/4 
= 80 krad/s. 


ee 


CHAPTER 


Lock ACQUISITION 


We have been assuming in our analyses of PLLs that they are in lock—that the average 
VCO frequency @, equals the average input frequency w,;. However, the two frequencies 
are not the same when power is first applied to the circuit or when vy; is first applied to the 
PLL input. The process of bringing w, to equal w, is called frequency acquisition. After 
the frequency error has been brought to zero, there is a transient process during which the 
phase error is also brought to zero. There is no clear definition of when the PLL is actually 
in lock, but it is reasonable to define lock acquisition as synonymous with frequency 
acquisition. Any remaining phase transient is similar to the 6, transient studies in section 
7-5; it can be considered as taking place in lock. 

In a second-order PLL, most of the voltage to bring the VCO to the proper 
frequency is provided by the capacitor in the loop filter. For example, the active filter in 
the PLL shown in Fig. 8—1a provides the control voltage v. = v. + v3, where v, is across 
R, and v3 is across the capacitor. The frequency acquisition process amounts to charging 
(or discharging) the capacitor until v3, provides the correct control voltage for @, = 4). 
After lock, v2 provides the small changes in frequency necessary to provide phase error 
correction. 

.In some cases, a frequency detector is added to a PLL to help charge the capacitor. 
But we will see that the unaided PLL is able to acquire lock for a limited initial frequency 
error. 


155 


—T —1/2 m/2 a 06 


—T —1/2 mw/2 w 06 
(d) 


Ficure 8-1 PLL out of lock 
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To simplify the analysis of lock acquisition, the input frequency and phase will be 
assumed constant (0; = 0). The effects of 6; ~ O can be taken into account through a 
modified PD characteristic (see section 4-13). For a constant input frequency, any 
deviation of w, from w,; is considered a frequency error. Therefore, in this chapter we 
relabel Aw, as the frequency error w,: 


OQ, SW a °@; (8-1) 


where w,; is a constant and 0; = 0. [Compare Eq. (2-5).] The maximum ®, for which the 
PLL will attain lock is called the pull-in range. In this chapter we will find the pull-in 
range and pull-in time for a PLL to acquire lock with different phase detectors and 
different acquisition aids. 


8—1 SELF ACQUISITION: ACTIVE LOOP FILTER 


The process of a PLL acquiring lock without the aid of a frequency detector is called self 
acquisition. In this case, the PD is responsible for charging the capacitor in the active loop 
filter. There must be at least a small dc component to the PD output v,, and the polarity 
must be such that the VCO frequency w, is brought closer to w;. When a PLL is out of 
lock, the dc component is small, but it can be enough to pull the PLL into lock. 


8—1—1 PuLtt-IN VOLTAGE Vv, 


The dc component (or average) of vz during acquisition is called the pull-in voltage 
v,. To understand the origin of v,, consider a PLL that has no modulation of the input 
signal: 8; = 0. Then the phase error is 0, = 0; — 0, = — 6). When the PLL is out of lock, 
W, ~ Ww; On average, and the frequency error w, = w, — w; 1S not zero on average. But 


OO, = 0, oo —6, (8-2) 
Then 9, is either constantly increasing or constantly decreasing. 


What is the control voltage v, as a function of 0,? Consider a PD with a sinusoidal 
characteristic: 


Y nia Vim sin 0, (8-3) 
The voltage v, across R, is proportional to vy: 


Vo ger Kiva = K,Vam sin 0, 
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as shown in Fig. 8-1b. To simplify the analysis, let the capacitor be large enough (w, is 
small enough; w, = K/4) that its voltage v3 is essentially independent of 6,. Then the total 
control voltage is 

Va “- Va KV am sin 0, oh V3 


Ve 


as shown in Fig. 8—Ic. If there is some 6, for which v, causes w, = 0, then the PLL will 

lock at that phase. Without loss of generality, let us assume that v. = 0 causes wm, = 0. 
Then the VCO characteristic is simply 
e = KV, 

=a KK iV am sin 0, + K,v3 (8-4) 


€ 
| 


But V,,, = Ka for a sinusoidal PD, and K = K,K,Kz,. Then 
wo, = K sin @ + o, (8-5) 
where 
Ww. = K,V3 (8-6) 


is the portion of the frequency error due to the incorrect capacitor voltage v3. A plot of the 
function w, in Eq. (8-5) is shown in Figure 8-ld. For the case of 6; = O during 
acquisition, Eq. (8-2) gave w, = —@,. Then Eq. (8-5) can also be represented as 


~6§, = K sin 0, + o, (8-7) 


This gives the rate of change of 6, in terms of 6,. As shown in Fig. 8—1d, when 0, ~ 77/2, 
— 6 , is large, meaning that 6, decreases rapidly (the motion to the left along the curve is 
fast). For 0, ~ —7/2, —@, is small, and the motion to the left is slow. Since w, never 
goes to zero, the PLL never locks for any 6,. 

In order for lock to occur, v3 must decrease (with a corresponding decrease in @,) 
until the curve in Fig. 8—Id touches the wm, = 0 axis. Can v, supply the necessary average 
current to discharge the capacitor in Fig. 8—la? Consider the PD characteristic in Fig. 
8—2a. If 8, moves smoothly to the left when the PLL is out of lock, then v, is sinusoidal in 
time, and its average is zero. There is no average current, and the capacitor neither 
charges nor discharges on average. But as we have seen, 0, does not move smoothly; it 
lurches along, spending more time in the vicinity of 1.5m, —0O.5q, etc. (see Fig. 8—2b). 
This means that vz spends more time with negative values, as shown in Fig. 8—2c. What is 
important is that the asymmetry of the waveform about the ¢ axis has produced a nonzero 
average component v,, which in this case is negative. 


= 


Figure 8—2 Beat note asymmetry 
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The expression for vz as a function of time can be found by solving Eq. (8-3) 
together with Eq. (8-7). The average voltage v, is called the pull-in voltage v,. Richman 
[1] showed that 


v, = —K,lo/K -— [(w./KY - 1 (8-8) 


for the case we are considering here: sinusoidal PD characteristic, active loop filter, w, = 
K/4, and 0; = 0. Equation (8-8) can be approximated by 


Voi = — KGK/20, (8-9) 


A plot of v, and its approximation are given in Fig. 8-3. For w, > 2K, the approximation 
is within 7%. For w, > K, the approximation is conservative; it estimates less pull-in 
voltage than there actually is. For wo. < K, the PLL has locked, and pull-in voltage is 
undefined. 


8-—1—2 Putt-In Time Ls 


For large frequency error w,, the asymmetry in v, is slight, and the pull-in voltage 
v, is small (see Fig. 8-3). Therefore, the capacitor is discharged slowly, and w, decreases 
slowly at first (see Fig. 8-4). As w, approaches K, v, gets quite large, and the final 
descent of w,. is more rapid. The pull-in is complete when w, can equal zero for some @,. 
According to Eqs. (8-4) and (8-6), this is when w,. = K,K,V4,,. This is called the lock-in 
range 0),: 


@, = KOK Van (8-10) 


—Kg/2 


—Ky 


Ficure 8-3 Pull-in voltage 
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Figure 8-4 _ Pull-in time 


An equivalent definition of lock-in range is the maximum frequency error w, for which 
acquisition is almost instantaneous; the PLL slips less than one cycle. (In section 7—3, the 
lock-in range was shown to be the maximum frequency step the PLL could handle and still 
maintain lock.) For a sinusoidal PD, V,,, = Kg, and from Eq. (8-10) 


wo, = K (8-10") 


From the approximation for v,, in Eq. (8-9), we can find an expression for the curve 
of w, versus t shown in Fig. 8-4. From this we can find the pull-in time T,, as a function of 
the initial frequency error w,,. Analyzing the circuit in Fig. 8-1, w, changes due to the 
capacitor being charged by the current i = V//R: 


WO, = K,v3 


O.= K, V3 = K,wuC = K,vq/R\C ae K,v,K,0 (8-11) 
where K, = R,/R, and w, = 1/R,C. Then with Eq. (8-9), 


@. = —K,K,K,Kw,/20,. = —K’ow,/2w, 


2 wo. dw, ~ —K*w, dt 
Integrating both sides gives 


wo” ~ W,,7 — K*wot (8-12) 
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where w,,,” is the constant of integration such that o,. = w,, for t = 0. The pull-in time ti 
is the time for w, to reach the lock-in range wm, = K. Solving Eq. (8-12) for t such that 
w. = K yields 


(w.,/K)? zee. 
Pa iprtcas tii (8-13) 


If the exact expression for v, given in Eq. (8-8) is used in Eq. (8-11), the exact result is 


SE [x2 + x/x? — 1 — €n(x + fx = ly apek Gr, (8-13’) 
where 
x=,,/K 


The exact value of the normalized pull-in time T,,w, [Eq. (8-13')] and the approximation 
for T,,w. [Eq. (8-13)] are plotted in Fig. 8-5. The approximation is conservative in that it 
gives too great a value. For w,, > 3 K, the approximation is in error by less than 8%. 


Ficure 8-5 Pull-in time vs. initial frequency error 
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EXAMPLE 8-1 


Given a PLL with K = 8 krad/s, w, = 2 krad/s, and a sinusoidal PD with K, = 2 V/rad, 
find the pull-in time for initial frequency errors of w,, = 5 krad/s, w,, = 100 krad/s, and 
W., = 2 Mrad/s. 

From Eq. (8-13), 7, = 0 for w,, = 5 krad/s (w,, is within the lock-in range). (ee 
78 ms for w,, = 100 krad/s, and 7, = 31 sec for w,, = 2 Mrad/s. In the last case, it is 
probable that the PLL would actually never lock because the initial v, is so small [Eq. 
(8-9) gives an initial v, = 4 mV]. Such a small voltage could be overwhelmed by dc 
offset voltages, causing w, to move away from rather than toward w,. 


8—1—3 PuLtt-INn RANGE ®, 


The pull-in range of a PLL is defined as the largest frequency error w, for which the 
PLL will acquire lock. Suppose the PD has an offset voltage V,,. Then during pull-in, 
when the PLL is out of lock, the average voltage from the PD is 


Va = Vio + Vp = Vag — KaK/2e, (8-14) 
(See Fig. 8—6.) For w, small enough, v, is still negative, and the PLL pulls in. But for w, 
larger than some value, v, is positive, and the frequency error w, actually increases. Then 


the pull-in range , is that frequency error w, for which v; = 0. From Eq. (8-14) 


On = K4K/2V 4, = MK/2 (8-15) 


P 


Vio — Ka 


Figure 8-6 Pull-in range 
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where M is the PD figure of merit defined as M = K,/V,,. A typical value for M is 20, so w, 
can typically be 10 x K. With care, a PD can be made to have an M as great as 400. Then 
@, can be as great as 200 x K. (This is subject to limitation by 3, as shown in section 
8.3.) 

The analysis of pull-in time 7, and pull-in range w, has depended on Eq. (8-9) for v, 
that holds for a sinusoidal PD characteristic. Meer [2] has carried out a similar analysis for 
triangular and sawtooth PD characteristics. The table in Fig. 8—7 compares the pull-in 
parameters for a sinusoidal PD, a triangular PD (such as an exclusive OR gate), and a 
sawtooth PD (such as a two-state PD). The pull-in times are within a factor of 7 of each 
other, and the pull-in ranges are also within a factor of 7 of each other. The expressions 
for v,, T,,, and @, are approximations that hold for w,, o,,, and w, greater than 2w,. See 
Meer for the exact expressions. 


8—2 SELF ACQUISITION: PASSIVE LOOP FILTER 


For an active loop filter, the requirement for pull-in is simply that v, be negative for 
positive frequency error, w,, and v, be positive for negative w,. This is because the 
polarity of the charging current i depends only on v,. For a passive loop filter, however, i 


depends on both v, and v3, and v3 depends on w,. 
teeo/KV 1 (wWeo/K)2 —2.5 (wWeo/K)? —10 
1.6w2 6.6w2 


We will analyze the behavior of the passive loop filter in Fig. 8—8a during 
acquisition. The charging current is given by 
Vam 
r 
Figure 8-7  Pull-in parameters for three phase detectors 
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Wp 
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FiGure 8-8  Pull-in with passive loop filter 
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Both v, and v3 are functions of w, during pull-in, as shown in Fig. 8-8b. We assume 
without loss of generality that v. = 0 causes w, = O, and therefore v; = 0 causes w, = 0. 
Initially the free-running voltage V,,, of the PD charges the capacitor to v3 = V,,, which is 
also the initial v. since v. = R,i = O. Then the initial frequency error is 


Weg = K Vo 


For V,, positive, @,, iS positive and i has the proper polarity (negative) for pull- 
in provided v, is below v3. This is true everywhere for the case in Fig. 8—8b, but at the 
point where the two curves get close, i becomes small, and the pull-in process becomes 
slow. 
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We find the pull-in time 7,, for a PLL with a passive loop filter and a PD with a 
triangular characteristic. 


W, = K,v3 
®. = K,v3 = K,i/C = Ka — v3)(Ro + RJC 
= K,(Vq — V3)K,;@2 = K (Va — @/K,)Kn@2 
where K, = Rp/(R, + R2) and wo, = 1/R,C. From Fig. 8-7, v, = —K,K/1.2o, 


for a triangular PD characteristic. Then 


Va == Va, e K,K/1.2, = W.,/K, — K,K/1.20, 


and 
@. = K,(@,,/K, — KgK/1.20,. — 0,/K,)Kp,@> 
= ,,K,W) — K’@,/1.20. — K,0 0, 
Then 
w, dw,/(—a + bw. — cw’) = dt (8-16) 
where 
Ge SRP OH1L2, b = K,@ ,,, c = K,@ 


As , goes from @,, to w, = ™K/2, t goes from 0 to T,,. Integrating the left side of Eq. 
(8-16) from ,, to 7K/2 and the right side from 0 to T,, yields 


es er [tan '(x/y — a/y) + tan '(x/y)] x/(yK,@>) 
— (1/2K,,>)€n(1 + 3K, — 6K, x/tT) (8-17) 


where 


t—Oithe, Y= VGiok, (8-18) 


This holds for a triangular PD characteristic. The normalized pull-in time 7, is plotted 
as a function of the normalized initial frequency error w,,/K in Fig. 8-9. Note that the 
pull-in time is also a function of the loop filter’s high-frequency gain K,. As w,, increases, 
the two curves in Fig. 8-8b eventually touch, and 7, goes to infinity. This can be seen in 
Fig. 8-9 for w,, = 4K when K;, = 0.2. The condition of T,, = © arises in Eq. (8-17) when 
y = 0. Thus the pull-in range , is found by solving Eq. (8-18) for the w,, such that 
y = 0: 


@, = TKI 3K, (8-19) 
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Figure 8-9 Pull-in time for passive loop filter 


EXAMPLE 8-2 


A PLL has a triangular PD with K, = 2 V/rad, a VCO with K, = 0.2 Mrad/s/V, and a 
passive loop filter with K, = 0.02 and w, = 2 krad/s. Find the lock-in range, the pull-in 
range, and the pull-in time for ,, = 8 krad/s, for w,, = 80 krad/s, and for w,, = 800 
krad/s. 

The bandwidth is K = K,K,K, = 8 krad/s. From Fig. 8-7, the lock-in range is w, 
= mq K/2 = 12.5 krad/s. From Eq. (8-19), the pull-in range is o, = = 103 krad/s. For w,, 
= 8 krad/s, T,, = 0 because w, , is within w,. For w,, = 80 rides Fig. 8-9 gives T,,@. = 
109; or 2, = one ms. For w,, = 800 krad/s, the PLL fails to lock because ,, ik ®), 


I OO 
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8—3 ACQUISITION WITH A POLE AT W, 


When a PLL is out of lock, v, varies periodically, and a portion of this appears across R). 
It is this varying component v> of the control voltage that causes the pull-in. It causes the 
VCO frequency to vary in such a way that the beat note at v, slows down at just the 
moment it is negative. (For negative frequency error, the beat note slows just as vy is 
positive.) If the amplitude of v, is attenuated or if its phase is shifted by an additional pole 
in the loop, the pull-in voltage v, will be reduced. 

Consider a PLL with a pole at w in the loop. This may be due to the modulation 
bandwidth of the VCO, the bandwidth of the op amp in the active loop filter, or it may 
have been introduced purposely to smooth v.. when in lock. Let this pole be modeled by an 
additional filter in the loop with the transfer function 


F'(s) = 3/(s + @3) (8-20) 


The frequency response of the magnitude |F’| and of the phase ang(F’), shown in Fig. 
8—10a, are given by 


F’| = @5/(@? + 0,7)!" (8-21) 
and 
ang(F’) = —tan~ '(w,/w3) (8-22) 


It is clear that the attenuation by |F'| will cause a proportional reduction in V5. 10 
understand the reduction due to ang(F'’) we need to look at some examples. The case 
shown in Fig. 8-10 is for w. = 53. Therefore, |F’| ~ 1/5, and ang(F’) = —1.37 
radians. This phase shift of almost 1/2 radians between v, and the VCO causes the beat 
note to slow down when v, 1s passing through zero rather than when it is negative (see Fig. 
8—10b). This has the effect of making v, nearly symmetrical about the ¢ axis, greatly 
reducing its average, which is the pull-in voltage. 

Let the pull-in voltage with w, present be represented by v,,. If ang(F’) were — 1/2, 
then v,, would be reduced completely to zero. If ang(F’) were — 7 (it cannot be here), the 
beat note would slow down when v, is positive, and Vy = —v,. This would be the 
opposite of the polarity that is needed to pull in, and “‘push-out’’ would occur, preventing 
lock of the PLL. These examples are a heuristic explanation of the fact that v, is further 
attenuated by a factor of cos[ang(F’)], where cos(— 7/2) = O, and cos(—7) = —1. 

The pull-in voltage reduced by both the magnitude and phase of F’ is given by 


v, = |F'| cos[ang(F’)] v, (8-23) 


where v, is the pull-in voltage with no F” in the loop. For our case of a single pole, Eqs. 
(8-21), (8-22), and (8-23) give 


W3 


= — — cos|tan !(w/w,)] v 
p (w,2 Pi oy [ ( c 3) P 


ang(F’) 


—1/4 


ealedy, 
“ 


—7/2 


Vg 


Vam 


(b) 
we | 
We+K/5 


We 


we —K/5 


anglF(w,)] = — 1.37, |F'(w_)| = 1/5 


(c) 


Ficure 8-10 Effect of pole at w, on pull-in 
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But cos{tan~'x] = I/(x? + 1)'. Therefore, 


D 
peda aig (8-24) 


P we av 3" P 


where v, is the pull-in voltage given in Fig. 8-7 for no w3. For the case of o, = Sw 
shown in Fig. 8-10, v, = v,/26. 

Equation (8-24) is not intended to be used to design and analyze pull-in for w, > 03; 
v,, becomes so small that neglected second-order effects become important. Rather, Eq. 
(8-24) suggests that the effect of 3 on pull-in is slight provided the designer keeps w3 > 
w,. Stated another way, in a practical sense the pull-in frequency is 


WO, ~ 03 


or that given in Fig. 8—7, whichever is smaller. 

Equation (8-23) shows that multiple poles can reverse the sign of v,, causing the 
PLL to false lock to the wrong frequency. Gardner [3] discusses this effect when the 
multiple poles are introduced by an IF filter in the PLL. 


EXAMPLE 8-3 


Find the pull-in frequency and the pull-in time of the PLL circuit shown in Fig. 8—11. The 
PD is a double-balanced multiplier with a sinusoidal characteristic, gain K, = 0.4 V/rad, 
and dc offset V,, = —1mV. The op amp has a gain-bandwidth product GBP = | MHz, 
an input offset voltage V;, = 1 mV, and an input offset current /;5 = 10 nA. The VCO is 
that designed in Examples 5-3 and 5-5 for a gain K, = 3.7 Mrad/s/V, a range from 95 
Mrad/s to 105 Mrad/s, and a modulation bandwidth of 400 krad/s (see the VCO charac- 
teristic in Fig. 5—7b). The input frequency is w; = 100 Mrad/s. 

The loop filter’s high-frequency gain is K, = 670 0/10 kQ = 0.067, so the PLL 
bandwidth is K = K,K,K, = 100 krad/s. The reference voltage is V, = 0 V, so the total 
offset given by Eq. (3-lla) is V,, = (V, — Vao) + Vig + lipR} = 1 4+ 1 4+ 0.1 = 2.1 
mV. The PD figure of merit is given by Eq. (4-14) as M = K,/Vqz, = 190. From Eq. 
(8-15), the pull-in frequency is mo, = M K/2 = 9.5 Mrad/s. But the VCO modulation 
bandwidth places a pole at w3; = 400 krad/s (see Example 5-5), so a practical value for the 
pull-in frequency is ®, = w; = 400 krad/s. 

There are methods of extending the VCO modulation bandwidth and therefore the 
pull-in frequency. The 15 kQ) resistor could be replaced by a 10-wH choke and a 600-2 
resistor to raise the modulation bandwidth to a double pole at 30 Mrad/s. In that case, the 
pole introduced by the op amp bandwidth becomes important. Equation (3-22) gives w 
= 27GBP/(1 + K;,) = 5.9 Mrad/s. This can also be improved by choosing an op amp 
with a GBP = 10 Mhz, raising the pole frequency to 59 Mrad/s. Since all poles are now 
greater than M K/2 = 9.5 Mrad/s, the improved pull-in frequency is w, = 9.5 Mrad/s. 
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Ficure 8-1! PLL for study of pull-in range 


Before acquisition, the VCO sits at either 95 Mrad/s or 105 Mrad/s, while w; = 100 
Mrad/s. Therefore, the initial frequency error is m,, = 5 Mrad/s, which is less than the 
improved w,,. The loop filter’s zero frequency is @, = 1/R,C = 15 krad/s. Then from Eq. 
(8-13), the pull-in time is 7, = (w,,-/K* — 1)/w, = 167 ms. If this is too long, an 
acquisition aid such as that described in section 8-6 is required. 


8—4 ACQUISITION WITH A THREE-STATE PD 


The advantage of a three-state PD in acquisition is that it acts as both a phase detector and 
a frequency detector. As we saw in section 4-8, v, is always positive when w, < 0 (when 
0, is increasing), and v, is always negative when w, > 0. From the characteristic in Fig. 
48d, it would appear that v, = V,,,,/2 if 0, is increasing smoothly to the right. This is 
approximately correct. In fact, ¥, becomes even greater as the rate of increase of 0, is 
greater, as shown by the following discussion. 

Consider the case when w,, the frequency of V, is slightly greater than w,;, the 
frequency of R. Then the PD will eventually be cycling between State | and State 2 in Fig. 
8—12a. A rising edge on V sets vp high, and a rising edge on R resets vp low. The 
waveforms are shown in Fig. 8—12b. Here R and V are represented as they would appear 
on an oscilloscope synchronized to R. Because w, is higher in frequency, V drifts in phase 
to the left. This causes the rising edge of vp to drift to the left, increasing the duty cycle of 
Vp (many rising edges are shown in Fig. 8—12b). When the rising edge meets the falling 
edge (shown heavy here), it snaps back to a duty cycle of zero and begins drifting to the 
left again. If the phase drift is uniform, the average duty cycle is 50%, and vz = 
OV a. 

Now consider the case when w, is slightly greater that 2m; as in Fig. 8-12c. Then V 
again drifts in phase to the left, causing the rising edge of vp to drift to the left and 
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Figure 8-12 Pull-in with three-state PD 


increasing the duty cycle of vy. When the rising edge meets the falling edge, it snaps back 


to a duty cycle of 50% (not zero) and begins ‘drifting to the left again. This time the 
average duty cycle is 75%, and vy = —0.75Van. 


In general, the expression for vy is given by 
VatS Viel ++ w,/20),); Wo > @; 


V, = Vanll = @,/20)); W, < W; (8-25) 
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which is plotted in Fig. 8—12d. For w, very close to w; (within 3 K), there is an additional 
v4 component (not shown) similar to that in Fig. 8—3 due to the asymmetry of the beat 
note. In the analysis of three-state PD pull-in behavior, we will neglect this small effect. 
For this PD the only limit to the pull-in range is the hold-in range (see section 7-1). 

To get a simple expression for the pull-in time 7T,, we will use a conservative 
approximation for Eq. (8-25): 


Va ae OV == — 1K, (8-26) 
for w, > w;, or w. > 0. For a three-state PD we have 
Ww, = 27K (8-27) 


The calculation of the pull-in time 7, is similar to that for the sinusoidal PD. Substituting 
Eq. (8-26) into Eq. (8-11), integrating, and solving for t = T, such that w. = w,, we 
obtain 


(Re = Re Ow ene (8-28) 


In many applications, the range of the three-state PD is extended with +N frequen- 
cy dividers, as was done for the two-state PD in Fig. 4-12. In that case, Eq. (8-26) 
becomes 


Vg ~ —0.5Va, = —1WNKg (8-26) 
Eq. (8-27) becomes 
Ww, = 27NK (8-27') 
and Eq. (8-28) becomes 
pps nay alee 8-28") 
TNod> 


Comparing Eqs. (8-28) and (8-28') with Eq. (8-13), we see that 7), increases only 
proportionally with w,,, rather than as its square. Note, however, that a three-state PD can 
be used only with strictly periodic signals. If there are any missing pulses, as in clock 
recovery applications or high-noise applications, then the three-state PD will not operate 


properly. 
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EXAMPLE 8—4 


A PLL has K = 8 krad/s and w, = 2 krad/s. The initial frequency error is w,, = 2 
Mrad/s. The PD is a three-state phase detector. Find the pull-in time. 

From Eq. (8-28), 7, = 39 ms. Compare this with the 31 seconds in Example 8-1 
with similar conditions but a sinusoidal PD. 


8—5 AIDED ACQUISITION WITH A THREE-STATE PD 


If the acquisition time that a three-state PD can provide [see Eq. (8-28)] is not fast enough, 
a frequency detector (FD) must be added to the PLL. The purpose of the FD is to provide a 
strong pull-in signal in response to a frequency error ®, (or , if we ignore the small 
frequency fluctuations due to v, across R,). All FDs used in conjunction with a PLL 
operate on the basis of sensing cycle slips between w; and w,. We have already seen these 
cycle slips as the beat note in v, (see Fig. 8—2c). We also saw cycle slips in section 4-8 in 
the operation of three-state PDs. Referring to the state diagram of a three-state PD in 
Figure 8—12a, the looped arrow at the left corresponds to a cycle slip when w, > w,;, 
where w, is the frequency of V and a; is the frequency of R. The looped arrow at the right 
corresponds to a cycle slip when w; > w,. A circuit to detect these cycle slips was 
presented in section 4-12 (see Fig. 4~16). 

A PLL using cycle slip detectors to implement a FD is shown in Fig. 8—13a. A cycle 
slip is shown in the waveforms in Fig. 8—13b for the case w, > w,;. Whenever a rising 
edge on V is not accompanied by a rising edge on vp, a slip has occurred, and a pulse 
appears on vp. This pulse, which occurs at a rate equal to the frequency error, charges the 
capacitor in the direction to reduce the frequency error. The amount of charge each slip 
pulse delivers determines the acquisition speed. 

The op amp in the loop filter is referenced to a V, halfway between the logic high V;, 
and the logic low V;: 


V, = (Vy + V,)2 (8-29) 


Assuming v> across R, is negligible, v, ~ V,. During a slip pulse on vp, vp = Vy, and the 
charging current is 


iz = (vy — Vp/R3 = (V, — Va)iRs 
= NeW Vay aks 


where the diode voltage drop has been neglected. Similarly, during a slip pulse on vy, 
vy = V,, and the charging current is 


ia hs ee vy)/R3 mo Ve — Mieke 


Vi=(Viyt+ V,)/2 


(a) 


(b) 


Ficure 8-13  Three-state PD with aided acquisition 
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Let J be the magnitude of i, during a slip pulse. Then 

IT = (Vy — V,)/2R3 (8-30) 
The width of a slip pulse is the period of the signal at V: 

T = 2t/o, ~ 27/0; (8-31) 


The change in capacitor voltage due to a slip pulse is |Av3| = /7/C, and the corresponding 
change in frequency error is 


Aw,| = KolAvs| =A T/C (8-32) 


Then with every cycle slip, the frequency error is reduced by Aw,, and the acquisition rate 
is proportional to Aw,. But if Aw, is too large, the PLL may never reach steady-state; it 
may always jump over the lock-in range w, as it approaches w,. = 0. Therefore, it is 
necessary to satisfy |Aw,| < 2w,. In practice, it is good to leave a factor-of-two margin 
and choose / in Eq. (8-32) so that 


[Aw,| = w, (8-33) 
For a three-state PD, w, = 27K, so 
|Aw,| = 27K (8-33’) 
is a good design value for the circuit in Fig. 8—13a. Then Eqs. (8-32) and (8-33’) give 
I = 27KC/K,T (8-34) 
What is the pull-in time 7, achieved by the acquisition aid in Fig. 8-13? We will 
approximate the frequency error’s rate of change by dw,/dt ~ Aw,/At, where At is the 
interval between cycle slips. But by definition, 
At = 27/|o,| 
Since w, and Aw, have opposite signs, 
dwJdt ~ Aw/At = |wJjAo/27 = —w,|Aw,|/27 
do Jo, = —dt|\Aw,|/27 (8-35) 
As w, goes from an initial w,, to a final lock frequency of w,, the time goes from 0 to T,.. 
Then integrating the left side of Eq. (8-35) from w,, to w, and the right side from 0 to T, 


yields 


i= (211/|Aw,|) €n(w,,,/@,) (8-36) 


Sec. 8-6 Rotational Frequency Detector 177 
For a practical maximum of |Aw,| = 27K as in Eq. (8-33'), the minimum T,, is 
P= (WK) €n(o,,/271K) (8-37) 


The waveforms during acquisition are illustrated in Fig. 8—14a. The cycle-slip 
pulses vp produces steps of Aw, in ,., which get farther apart in time as w, decreases. At 
the same time, the sawtooth waveform of v> also affects the total frequency error wo, = 
w, + K,v2 (which happens to be a smooth curve for |Aw,| = @,). When w, finally jumps 
within the lock range w,, there are no more cycle slips, and the frequency acquisition is 
said to be complete. 

The pull-in time T,, may be reduced somewhat by increasing |Aw,|. But if |Aw,| > 
2m,, then w, may never jump to within the lock-in range, as illustrated in Fig. 8—14b. 


EXAMPLE 8—5 


A PLL has K = 8 krad/s, K, = 0.2 Mrad/s/V, a three-state PD, and a loop filter with R, 
= 50k), R, = 5 kQ, and C = 0.1 pF. The input frequency is w; = 10 Mrad/s. The 
digital logic levels of the PD are V; = 5 V and V,; = 0 V. Choose R; in the FD for 
minimum pull-in time. Find the pull-in time for w,, = 2 Mrad/s. 

From Eq. (8-29), the reference voltage is V. = (Vy + V,)/2 = 2.5 V. From Eq. 
(8-31), the input signal period is T = 277/m; = 628 ns. From Eq. (8-34), 7 = 27KC/K,T 
= 40 mA. But the most load current that the PD can handle is 10 mA. One way to scale 
down / is to reduce C by a factor of four. In order to preserve F(s) of the loop filter, all of 
its impedances have to be increased by a factor of four: Rj = 200 kQ, R3 = 20K, C’ = 
0.025 wF. Then /'’ = 10 mA, and from Eq. (8-30) R3 = (2.5 V)/I’ = 205 Q. If a diode 
drop of 0.7 V is taken into account, then R; = (1.8 V)/I’ = 180 Q. 

I could be reduced further by scaling up the impedances of the loop filter further. 
Eventually, R, becomes so large that the input offset current of the op amp creates too 
much offset voltage V,, (see section 3-4). 

For @,, = 2 Mrad/s, Eq. (8-37) gives T, = (8 krad/s)~' x €n(2000/50) = 0.46 ms. 
Compare this with the 39 ms for similar conditions and an unaided three-state PD in 
Example 8-4. 


8—6 ROTATIONAL FREQUENCY DETECTOR 


We have seen that an unaided three-state PD does a good job of acquisition, and with the 
aid of an FD, it does an excellent job. But there are applications where a three-state PD 
can’t be used. Since it doesn’t forgive a missing pulse in R or V, it can’t be used with data 
or in high-noise applications. The FD described in this section does work with data and 
with high-noise applications. Richman [4] described the original version, which he called 
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Ficure 8-14 Pull-in waveforms with aided acquisition 
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a “‘quadricorrelator.’’ Messerschmitt [5] described a digital version which he called a 
“rotational FD.’’ At about the same time, Afonso et al. [6] published a circuit realizing 
such a frequency detector. 

The rotational FD circuit in Fig. 8-15a generates pulses corresponding to cycle 
slips—negative pulses at v,for w, < w,; and positive pulses at vpfor w, > w;. These charge 
or discharge the capacitor in the loop filter to bring w, equal to w;. As in Eq. (8-30), the 
magnitude of the charging current i, is / = (V, — V,)/2R3. To avoid jumping over the 
lock-in range, we again choose |Aw,| = o, as in Eq. (8-33). Then in a similar develop- 
ment to that of Eq. (8-34), we have here 


I = ,CIK,1 (8-38) 


where w, depends on the particular PD that is used. The designer is free to choose 7 here, 
but it must be bounded by 


Te) T1/W., - (8-39) 


so the pulses at vj, or vp don’t overlap. 

The basis of detecting cycle slips is to divide the phase of the VCO signal v, into 
four quadrants and sample the quadrants with the pulses of the input signal v;. The 
sequence of quadrants tells the direction of cycle slips. The clock v, is delayed by 90 deg. 
to form the signal v;. These two signals define four quadrants of phase in which v, and v,, 
are 1,1, then 0,1, then 0,0, then 1,0, where high and low logic levels are represented by 1 
and 0. The signal v; in Fig. 8—15b is RZ data with a ‘‘mark’’ represented by a pulse and 
‘“space’’ represented by a missing pulse. If w, is greater than w; (, > 0), then the rising 
edges of v; advance through the quadrants, causing A and B (the sampled quadrant) to be 
1,1, then 0,1, then 0,0, then 1,0, etc. (see the sequence in Fig. 8—15b). This is clockwise 
rotation through the quadrants in Fig. 8—15c. We wish to generate a pulse at vp every time 
the heavy line in Fig. 8—15c is crossed in a clockwise direction (a ‘‘D cycle slip’’). This 
corresponds to v; sampling the quadrant 0,0 immediately after the quadrant 0,1. The 
circuit in Fig. 8—l5a remembers the previous quadrant as C and D (the previous values of 
A and B). Then a D cycle slip corresponds to the state, A,B,C,D = 0,0,0,1, or the truth of 
the Boolean expression A-B-C:D. This is realized by an AND gate in Fig. 8—15a which 
produces a pulse at F for every D cycle slip. A monostable multivibrator stretches each 
pulse to a width of T at vp. Similarly, a counterclockwise (or U) cycle slip produces a 
pulse at vy. 

If the difference w,. between w,; and w, is too great or if there are too many sequential 
pulses missing from the data signal v,, it is possible for the circuit to miss some vp pulses 
when v; jumps over either the 0,1 quadrant or the 0,0 quadrant. Even worse, the sequence 
of the sampled quadrants may appear to go backwards, generating some spurious vy 
pulses. Let f,, be the average rate of vj, pulses, and let fp be the average rate of vp pulses. 
For the case of all-ones data (no v; pulses are missing), fy — fp is given by the function 
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Figure 8-15 Acquisition aid for clock recovery 
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g(w,) in Fig. 8-16. For 0 < w, < w,/4, all D cycle slips are detected, and there are no 
U cycle slips. 


AOA eas fu ace ies or die 
= —@,/2T; 0< w, < w/4 (8-40a) 


As w, goes beyond w,/4, the probability of jumping over the 0,1 quadrant or the 0,0 
quadrant increases ( fp decreases) until no cycle slips are detected for w. = w,/2: 


g(w.) = —0/4t + 0/27; w/4 = wo. = w/2 (8-40b) 


For w, > w,/2, aliasing makes the sequence of sampled quadrants appear to go backwards, 
and pulses start occurring on vz( fp = 0, and fy increases). g(w,) becomes positive, and 
the FD pushes out rather than pulling in. Therefore, the pull-in range for all-ones data is 


Oy SRD eer (S41) 


To find the pull-in time for all-ones data, we can proceed as in the development of 
Eq. (8-35) by approximating the time derivative with 


dw Jdt ~ [Aw.|( fu — fp) = 0 ,g(@,) 


Using the expressions for g(w,) given in Eqs. (8-40a) and (8-40b), choosing |Aw,| =«,, 
and integrating between the appropriate limits as in the previous section, we find 


T, = (2t/w,) €n(@,,/@,); 0=o,, = w/4 (8-42a) 


T, = (2m/w,) €n[w;7/8w,(0; — 20,,)]; w/4 < w,, <w,/2 (8-42b) 


All-ones data is not interesting in itself, but it models a sinusoidal carrier. Even for a 
noisy carrier, the FD misses few of the cycles (pulses), and the g(w,) characteristic in Fig. 
8-16 applies. Messerschmitt [7] used a rotational FD to acquire lock with good results for 
signal-to-noise ratios as low as 15 dB. 

When v; is random data, the effect of not detecting cycle slips and detecting 
apparently reversed cycle slips is aggravated due to the many missing pulses. For all-ones 
data [to which g(w,) applies] the spacing of the v; pulses is T = 271/w;. For random data, 
the probability is 1/2 that the spacing is T. The probability is 1/4 that the spacing is 27, 
which has the effect of a frequency error of 2w,. The probability is 1/8 that the spacing is 
3T, which has the effect of a frequency error of 3w,, etc. Therefore, fy — fp for random 
data is given by 


g(a.) = 2 2°"! g(nw,) (8-43) 
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Ficure 8-16 Net pulse rate for acquisition aid in Fig. 8-15 


This function, plotted in Fig. 8-16, agrees with the experimental data of Afonso et al. [8]. 
For w, < w,/20, practically no cycle slips are missed, and g'(w,) ~ —w,/27. But for w, 
= w,/4, for example, a net of only 22% of the cycle slips are effective, and g’(w,) = 
0.22w/27. Beyond w,. = w,/3, the pull-in effect is so small as to be not reliable or useful. 
Therefore, the pull-in range for random should be practically taken as 


OF = 10/3 (8-44) 


In order to get an expression for the pull-in time for random data, we make a (conserva- 
tive) piecewise linear approximation: 


8'(o.) ~ —w/2T; 0 = w, = w/20 (8-45a) 
g'(w,) ~ — /40q; w/20 = w, = w/3 (8-45b) 
To find the pull-in time for random data, we again begin with the approximation 


dwJdt ~ |Aw,|( fu — fo) = ©1g'(,) 
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and substitute into it the expressions for g’(w,) in Eq. (8-45). Integrating between the 
appropriate limits yields 


T,, ~ (2T1/w,) €n(w,,/0,); 0<w,, = w,/20 (8-46a) 
LT as (271/w,) €n(w/20w,) cm (407 w,,,/@; = 27t)/W,3 w,/20 a Woo = w/3 (8-46b) 


EXAMPLE 8—6 


A PLL is used to recover a clock from random data. The phase detector is a two-state 
PD with a sawtooth characteristic, and K = 8 krad/s. The VCO has a gain of K, = 0.2 
Mrad/s/V, and the capacitor in the active loop filter is 0.1 wF. For w; = 10 Mrad/s and 
W., = 2 Mrad/s, choose t and /, and find the pull-in time. 

For a two-state PD, w, = 7K = 25 krad/s. In accord with Eq. (8-39), we maximize 
T by choosing tT = 27/w,, = 3.14 ws. Then from Eq. (8-38) we get the minimum 7, 
[given by Eq. (8-46)] by designing for / = w,C/K,t = 4mA. For w,; = 10 Mrad/s, w,, = 
Pebirad/s: = @/20,-and Egy (8-46b) gives\T = OJ 547095) —= 1 Sims. 7 
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CHAPTER 


MIODULATION AND 


LDEMODULATION 


Some PLL applications that involve modulating and demodulating a carrier were de- 
scribed briefly in Chapter 1. In this chapter, we will look more in depth at the following: 
phase modulation, phase demodulation, frequency modulation, and frequency demodula- 
tion. In each case the proper PLL bandwidth K will be determined, and the necessary 
ranges of the PD and the VCO will be considered. Until now we have ignored the high- 
frequency component of the PD output (the difference between v, and v,). We will see 
that it can cause spurious phase and frequency modulation. 


9-1 PHASE MODULATION 


Let the modulating signal be m(t) with a bandwidth B,,, where B,, is in Hz. The objective 
is to modulate the phase 0, of a carrier so that 0,(t) = a m(t), where a is some constant. 
This can be done by adding the signal m/(t) into a PLL after the PD, as in Fig. 9-la. The 
input to the PLL is a carrier v; = sin(w,t) with no phase modulation (0; = 0). If the PLL 


bandwidth is great enough, v, can follow m(t) to effectively cancel it [vz ~ —m(d)]. But 
this v, must be produced by a proportional 0, from the VCO, producing the desired phase 
modulation. 
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Figure 9-1 Phase modulation 


9—1—1 BANDWIDTH, PHASE AND FREQUENCY RANGES 


A signal flow graph of the PLL is shown in Fig. 9—-1b. We need to ensure that the 
transfer function from m(s) to 6,(s) has a flat frequency response of sufficient bandwidth. 
Let the forward gain from m to 0, be A = F(s)K,/s, and let the feedback from 0, to m be B = 
K,. Then from control theory (see Phillips and Harbor [1] for example), 


OCS uae A es _ F(s)K,/s 
mis\r. | We A teABss oomelt KO Kols 
l K/K 
ROOUNEGS wiesbsat on H(s) ~ u (9-1) 


TG) ete Ky chasse 
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where H = G/(1 + G). A(s) has unity gain with a high-frequency cutoff at wm = K. 
Therefore, 0,(s)/m(s) has a gain of 1/K, with a high-frequency cutoff at w = K, as shown 
in Fig. 9—1c. Then if we design the PLL to have 


Ke orp (9-2) 
all the spectral components of m(t) will be passed with a gain of 1/K,, and 
O,(t) = C/Ky)m(t) (72) 


as desired. 

Since the input phase 0; is zero, all of the output phase 0, appears as phase 
difference 6, across the PD. Therefore, the output @, must not exceed the linear range of 
the PD: 


RRS (9-4) 


For example, if a three-state PD is used, the peak 6, can’t be greater than 27. Ifa larger 0, 
is desired, then the range of the PD must be extended by one of the methods discussed in 
section 4—11 or 4-12. The most common means is to precede the PD with two +N 
frequency dividers, as shown in Fig. 9—2a. The dividers are realized by digital counters— 
binary counters when N is a power of 2, or programmable counters for other values. The 
dividers extend the phase range by a factor of N; the extended-range PD has a range of 
02m = 2TN (see Fig. 9-2b). Then for this extended-range PD, the maximum phase 
modulation is 


|6,| < 2mN (oe) 


As m(t) modulates @,, it is also modulating Aw, through the relationship Aw, = ye 
Since w, = 0, + Aw,, the VCO must have a range of at least 


+ 6, (9-5) 
9—1—2 SPURIOUS MODULATION 


The disadvantage of using +N dividers is that the high-frequency component of v, 
is lowered, and it may result in excessive spurious phase modulation of 0,. [This is an 
undesired modulation not in response to m(t).]| The connection between », and 6, is 
illustrated in Fig. 9-2c. After the +N, the frequency into the three-state PD is w,/N. The 
low-frequency component of the PD output ¥, is vz, which is proportional to 6,. But there 
is also a high-frequency component v, — v, with a frequency. 


W7 = w/N (9-6) 
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The period is 7, = 27/w,, or 
T, = 20N/o, (9-7) 


The most severe spurious modulation is when ¥, — vy, has a 50% duty cycle, as in Fig. 
9—2c. This corresponds to vz = V4,,/2 (see section 4—8 on the three-state PD). In practice, 
Ww, 1s always high enough (>> w,) that the gain of the loop filter is essentially K,. Then 
the deviation of the VCO control voltage is Av. = K,(¥4 — vq) with a peak-to-peak 
amplitude of K,,V.,,,. The spurious modulation of the VCO frequency is Aw, = K,Av, with 
a peak-to-peak amplitude Aw = K,K,V,,,,. But for a three-state PD with +N frequency 
dividers, 


Van = 2UNKG (9-8) 
(see the characteristic in Fig. 9—2b). Then the amplitude of the spurious FM is 


The spurious phase modulation 6, is the integral of Aw,. Therefore, its peak-to-peak 
rise A@ is the area under a positive half-cycle of Aw,: 


A@ = (Aw/2) (T,/2) = (tN)’K/o,; (9-10) 


The resulting triangular modulation of 6, shown in Fig. 9—2c is present while m(t) is also 
modulating 6,. The spurious A@ will vary as m(t) increases and decreases the duty cycle of 
Va — Vg, but it will never be larger than that given by Eq. (9-10). 


9—1—3 SPpuR!IOUS MODULATION WITH A POLE AT W, 


The spurious modulation can be attenuated by adding a pole to the response F(s) of 
the loop filter as shown in Fig. 9—3a. This can be realized by an additional capacitor as in 
Fig. 3-14. For stability, we require 


Or eek (9-11) 


The roll-off of |F| beyond w = w, reduces the amplitude of the unwanted waveforms with 
frequency w, when w, > w3. For w > w3, the loop filter acts essentially like an integrator: 


F(s) ~ K,,0)3/s; |s| > 03 (9-12) 


(see Fig. 9—3a). 

The worst-case ¥; — vy is shown in Fig. 9—3b with 50% duty cycle, peak-to-peak 
amplitude V,,,, and period T, = 21N/w;. This unwanted signal is integrated by the 
transfer function in Eq. (9-12) to deviate the VCO control voltage: 


Ay. = K,@3f (04 ice vat 


|F| 
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Ficure 9-3 Spurious FM and PM with 
(b) pole at 0; 
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Then the peak-to-peak amplitude of Av, is K,3A, where A is the area under a positive 
half-cycle of ((, — vq): A = Vaml/4 = (tN)’K,/w,; [see Eqs. (9-7) and (9-8)]. The 
spurious FM is Aw, = K,Av. with a peak-to-peak amplitude 
Aw = K,Kj,0,A = K,Kj,3(1N)’K,/0; 
= (tN)’Kw,/; (9-13) 


This amplitude is minimized by choosing the smallest w; within the bounds of Eq. (9-11): 
w3 = 4K. Then the amplitude of the spurious FM is 


Aw = (27NK)?/w,;; 3004 K (9-13’) 


The spurious phase modulation 0, is the integral of Aw,. Therefore, its peak-to-peak 
rise A@ is the area under a positive half-cycle of Aw,: 


A@ = (Aw/2) (T,/2)/2 = (aN)Kw,/40,7 (9-14) 
(N)°(K/a,;)7; Hey my (9-14’) 


Further reduction of Aw and A@ is possible by making a multiple pole at w3. For 
each additional pole, the spurious modulation is reduced by an additional factor of w3/w, 
= No;/w;. For a total of n poles at w3, Eqs. (9-13) and (9-14) become 


Aw = t’?NK(No3/,;)" (9-15) 


A@ = (WN°K/4;) (Nw3/@;)" (9-16) 


With multiple poles, 3 must be kept more than a factor of four away from K. Otherwise, 
the in-band phase of the multiple poles will cause instability. The phase at w = K due to 
the multiple poles at w3 should be kept less than about 0.5 radian (or 29 deg.). 


EXAMPLE 9—1 


A carrier with frequency w; = 10 Mrad/s is to be phase-modulated by m(t) = V,, sin(w,,t) 
to produce 0,(t) = 77 sin(w,,t), where w,, = 10 krad/s. The phase detector is a three-state 
PD with V,,,,, = 2.5 V together with two +N frequency dividers. Choose N, V,,, and the 
PLL bandwidth K. Find the range required of the VCO, and find the spurious PM 
amplitude A@. Add a pole at w, in the loop filter if necessary to keep A@ less than 1% of 
the peak 6,. 

Equation (9-4") requires a minimum N = 4. Then Ky = Vq,,/27N = 0.1 V/rad. For 
a peak 6,(t) of 7a radians, Eq. (9-3) requires a peak m(t) of V,, = 77Kg = 2.2 V. 
Equation (9-2) requires K > 27B,, = w,, = 10 krad/s. Choose K = 20 krad/s. The 
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frequency modulation is Aw, = 6, = 7mw,, cos(w,,t) = (220 krad/s) cos(w,,t). Then Eq. 
(9-5) requires a VCO range of w, = 10 + 0.22 Mrad/s. 

_ From Eq. (9-10), the spurious PM is A@ = (tN)°K/w; = (714)°(20 krad/s)/10 Mrad/s 
= Q.316 radians. This is slightly greater than 1% of the peak 6, of 22 radians. With a 
pole at w, = 4K = 80krad/s, Eq. (9-14') gives AO = 2(mN)°*(K/w,)* = 2(14)°(0.02/10)? 
= 0.016 radians. 


9-—2 PHASE DEMODULATION 


In phase demodulation, the modulated phase 6; of a carrier is converted back into a 
voltage m(t) = a60,t), where a is some constant. The demodulation is preformed by 
locking a narrow-bandwidth PLL to the modulated carrier v; = sin(w,t + 6;). If the 
bandwidth is small enough, the VCO phase 0, won’t follow the phase modulation, and 6, 
serves as a reference against which to compare 0;. The PD compares 6; against 6,, and the 
PD output v, is the demodulated output m(t) (see Fig. 9—4a). A low-pass filter (LPF) is 
usually necessary to remove high-frequency components from ¥,, leaving vy = m(t). 

A signal flow graph of the PLL is shown in Fig. 9—4b. The low-pass filter has a 
transfer function F’(s) with an in-band gain of unity and a cutoff at w,». For an active loop 
filter, the transfer function from 0; to 6, is H,(s) = s’/(s* + Ks + Kw), and the transfer 
function from 0, to m(s) is K,F'(s). Then 


OM is oA ee ieee a 
O(s) Hee) (s? + Ks + Kay) 


F'(s) (9-17) 


(b) 


Figure 9—4 Phase demodulation 
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The frequency response of |m/@;| is illustrated in Fig. 9—Sc. It has a mid-band gain of K,, a 
low-frequency cutoff at K, and a high-frequency cutoff at w,;p» (compare the response |H,,| 
in Fig. 3—16b). 

A typical time waveform for 6,(t) and its spectrum are shown in Fig. 9—Sa. The 
bandwidth of 0,(¢) is from B,,, to B,,2. The whole PD output ¥, is actually a pulse-width- 
modulated signal with a “‘carrier’’ frequency w, and low-frequency component v,, as 
shown in Fig. 9—5b. The spectrum »,(@) is also shown; it has upper and lower sidebands 
around o,, and a baseband component that is the spectrum of v,. To recover the baseband 
component, it is clear from the response |m/6,| in Fig. 9—Sc that both of the following 
bounds must be satisfied: 


K = 2mBy, (9-18) 
27B 2 = Opp < Oy — 27B, 2 (9-19) 
6At) 6Aw) 
t (linear) 
2B 2nBm2 w 
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Figure 9-5 Phase demodulation waveforms and spectra 
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In some applications, the low-pass filter must be of high order (such as a fifth-order 
Butterworth) if the bounds in Eq. (9-19) are tight. If Eqs. (9-18) and (9-19) are satisfied, 
then 


mt) = vat) = K6{1) (9-20) 


as desired. 
Since 0, ~ 0, 6,(t) = 0,(t). Then for 0, to stay in the linear range of the PD, we must 
satisfy 


|9(0)| < Oem (9-21) 


As with phase modulation in the previous section, it may be necessary to extend the PD 
range if 0,(t) is large. Leave enough margin to avoid false lock during acquisition if a 
three-state PD is used (see section 4—13). 


EXAMPLE 9-2 


A digital data signal has accumulated phase jitter, and the recovered clock signal has this 
same jitter 0,(t). (Jitter and clock recovery are discussed in Chapter 10.) The baud of the 
data is 1.544 Mb/s, so the frequency of the clock is w; = 27(1.544 MHz) = 9.7 Mrad/s. 
The spectrum of the jitter 6; extends from B,,,; = 10 Hz to B,,. = 40 kHz. The peak jitter 
is 5 cycles, or 107 radians. Design a PLL to demodulate the clock jitter so it may be 
observed and characterized. The low-pass filter is to attenuate the out-of-band compo- 
nents by at least 50 dB. 

The largest PLL bandwidth which satisfies Eq. (9-18) is K = 27B,,; = 62.8 rad/s. 
This is very small: K = w,/154000. Therefore, the VCO must be a crystal-controlled 
VCXO to avoid injection problems (see section 5-9). This greatly restricts the VCO 
range, but for phase demodulation the required VCO frequency range is vanishingly 
small. 

Equation (9-21) requires that 0,,, > 10a. For a three-state PD, 6,,, is only 277. We 
will try extending the phase range with +N frequency dividers, as in Fig. 9-2a. To avoid 
false lock with a three-state PD during acquisition, it is necessary to make the PD range 
even greater than that given by Eq. (9-21). For our application, Eq. (4-47) gives the bound 
|0.| < a to avoid false lock when there are no frequency dividers. This may be extended to 
include the use of frequency dividers as follows: 


|0.| < Nar 
where 0, ~ 6; for our application. Therefore, we choose N = 11 so that Na > 10m. 


For the extended-range PD in Fig. 9—2a, the detector frequency is ow, = w/N = 
(9.7 Mrad/s)/11 = 882 krad/s. Now, 27 B,,. = 251 krad/s. Then Eq. (9-19) requires the 
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low-pass filter bandwidth to satisfy 251 krad/s S w,p < 631 krad/s. If w,» = 251 krad/s, 
a seventh-order filter will provide an attenuation of (631/251)’ = 56 dB at 631 krad/s. 

We will now try a design that doesn’t require such a high-order low-pass filter. Let 
the phase detector range be extended by using an n-state PD. According to Eq. (4-34), 6.,, 
for an n-state PD is (n — 1)am, and Eq. (9-21) requires (n — 1) > 107. But it is 
necessary to make n even greater than this to avoid false lock. The condition for avoiding 
false lock given by Eq. (4-47) can be extended to an n-state PD as follows: 


\6.] < (n — 2)a 


where 0, ~ 0; for our application. Then to satisfy (n — 2)m > 10a, we choose n = 13. A 
13-state PD requires a 10-stage shift register (compare the six-state PD in Fig. 4-15). The 
advantage is that the detector frequency is higher now: w, = w; = 9.7 Mrad/s. Then Eq. 
(9-12) requires the low-pass filter bandwidth to satisfy 251 krad/s S w,p < 9.45 Mrad/s. 
If wp = 251 krad/s, a second-order filter will provide an attenuation of (9450/251)? = 63 
dB at 9.45 Mrad/s. This design trades off a more complex PD for a simpler low-pass 
filter. ; 


9-3 PHASE DEMODULATION WITH NO CARRIER 


For some phase modulation, the carrier (the spectral component at w;) actually disappears. 
Then there is nothing for the PLL to lock onto, and the phase demodulation process 
described in the previous section won’t work. 

A simple example of phase modulation for which there is no carrier is 6(t) = 
xsin w,,¢, where x = 2.4 radians and w,, 1s some modulation frequency (see Fig. 9—6a). 
Then the input signal is 


v(t) = sin(wt + 6) = sin(wt + x sin o,,f) 


Jo(x) sin wt + >, In(2) sin(w; + no,,t) (9-22) 


(See Lathi [2] for a discussion of the Bessel functions J,,.) For x = 2.4 radians, Jp(x) = 0, 
and the carrier at w; disappears. Figure 9—7 shows the spectrum of v; for x = 2.4 radians; 
there is no component at w;—only the sideband components from the second term in Eq. 
(9-22). The phasor representation of v; in Fig. 9-6b gives some understanding of why the 
carrier disappears. The many phasors show v; at many instants of time, but the carrier 
(with fixed frequency and phase) is the average of these positions over time. By 
symmetry, the average points neither up nor down, and for 6; »,, = 2.4 radians, the 
average points neither left nor right. Therefore, the average is zero (no carrier). 

A more common example of phase modulation for which there is no carrier is 
phase-shift keying (PSK). For binary PSK, data is transmitted with 6; = 7/2 representing 


196 Modulation and Demodulation Chap. 9 


6; 4 (rad) 
2.4 
2n t 
Wm 
—2.4 
(a) (b) 
FiGurE 9—6 Sinusoidal PM with no carrier 
a ‘‘mark’’ and 6; = — 7/2 representing a “‘space.’’ Figure 9—-8a shows an example of 


6(t) for random data. The corresponding phasors for v; are shown in Fig. 9—8b. If the 
probabilities of a mark and a space are equal, the average of the phasor over time is zero 
(no carrier). 

If a phase-modulated v; like that in Fig. 9—6b or Fig. 9—8b is applied to the input of 
a PLL, the output phasor v, will follow v, if the bandwidth K is large enough. But if the 
bandwidth is very narrow (as for phase demodulation), v, tries to follow the average of v,, 
which doesn’t exist. The PLL fails to lock, and phase demodulation is not possible using 
the simple techniques in the previous section. However, it is possible to generate a carrier 
by using a nolinearity—by squaring v;. 


9—3-—1 SQUARING Loop 


The modulated signal for the PSK in Fig. 9-8 can be represented by 


Vv; = cos[wt — (a/2) m(t)] (9-23) 


l 


VAw) 


Wj Ww 


FiGurE 9-7 Spectrum of signal with PM in Fig. 9-6 
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Figure 9-8 PSK modulation with no carrier 


where m(t) is the modulating data signal with values of +1 (see Fig. 99a). As m goes 
from +1 to —1, it changes the phase of the carrier by m radians. But this is just an 
inversion of the signal. Therefore, an equivalent representation of the phase modulation is 


v; = m(t) sin w,t (9-24) 


An example illustrating the phase reversals in v; is shown in Fig. 9—9b. The product of any 
sinusoid with v; given in Eq. (9-24) has zero average because m(t) has a zero time average. 
Therefore, a PLL cannot lock to y,j. 

If we square the modulated signal, we get 


v2 = m? sin? wt = 0.5(m? — m? cos 2w,f) (9-25) 


(see Fig. 9—9c). It is the carrier portion of v2 we are interested in, so we throw away the 
first term in Eq. (9-25) and use v;7 = —m? cos 2w,t. Since m’ is always positive, it has a 
nonzero average, and there is a strong spectral component at 2w;—double the carrier 
frequency. 

A scheme for recovering the carrier from v,; by using a squarer is shown in Fig. 
9-10. After bandpass filtering to limit the noise, v; is squared, doubling the frequency to 
2m; [see Eq. (9-25)]. A PLL locks onto this component, and provides v, = sin(2wjt — 
0.), where 0, = 0 in steady-state (see the waveform in Fig. 9—-9d). A +2 frequency 
divider reduces the 2; to the carrier frequency w; (see the waveform v,’ in Fig. 9—9e). 
This is the recovered carrier, which is used to demodulate v;. The multiplier in Fig. 9—10a 
does the job of demodulation performed by the PD in Fig. 9-4a. The waveform of the 
product v; X v,’ = m is shown in Fig. 9-9f. Low-passing recovers the baseband 
component m. The cutoff frequency of the low-pass filter must be great enough to pass the 
signal m: 


Wp = 27B,, (9-26) 


where B,,, is the message bandwidth in Hz. 


m 
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Figure 9-9 Waveforms for squaring loop 
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mM sin w,t 


m cos 6,.—™M Cos 2w,t 


— rn cos 2w,t sin 20. 


m sin w,t 


Vg 


stable 


(b) 


FiGure 9-10 Squaring loop to demodulate PSK 


Note that the PD output in Fig. 9—10a is v, = sin 26,. This PD characteristic is 
shown in Fig. 9-10b. We have been assuming that the PLL settles to the stable point at 
0, = O. But there is another stable point at 0, = w. If the PLL happens to settle at 0, = 1, 
then the demodulated output m cos 0, is —m rather than m. This ambiguity cannot be 
resolved by the demodulation circuit; some pattern in the data must tell which phasor in 
Fig. 9—8b is ‘‘up.”’ 

It is the nonlinearity of a PD characteristic that gives rise to the cycle slips discussed 
in section 6—8. The nonlinearity of the characteristic in Fig. 9-9b comes at half the 0, 
compared with a normal sinusoidal characteristic (see Fig. 4—1c). Therefore, a squaring 
loop encounters cycle slips at lower noise levels. The guideline for negligible cycle slips 
was given in Eq. (6-66) as 0, jms = 0.3 radians. For a squaring loop, the same 
performance requires ; 


0, ume < 0.15 radians (9-27) 


where 6, is the phase of v, with noise present at the input. 
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In section 9—2, the bandwidth K of the PLL had to be small enough that 6, didn’t try 
to follow 0;. In a squaring loop, there is no such requirement since the signal v; into the 
PLL doesn’t have any phase modulation. However, it is still desirable to keep K small to 
reduce the 6, due to noise. If squaring were not involved, then Eq. (6-29) would apply, 
giving the phase noise 0,7 = 2B,N,/V,’. It can be shown [3] that the squaring causes the 
phase noise to be greater by a factor (1 + BN,/V/): 


0,” = (2B,NJV7) (1+ BN,/V;) (9-28) 
(2B,N,/V;7) (1 + 1/2SNR,) (9-29) 


where B; is the noise bandwidth of the bandpass filter at the input. If B; could be reduced 
to zero, there would be no phase noise penalty for the squaring. But to pass the 
modulation, it is necessary to make 


Beene (9-30) 


where B,,, is the bandwidth of the baseband modulation. 
9-—3—2 REMODULATOR AND Costas Loop 


Two techniques similar to the squaring loop are the remodulator and the Costas 
loop [4] shown in Fig. 9-11. They have the advantage of not doubling the carrier 
frequency, which relaxes the speed requirements of the circuit components. 

Consider first the remodulator in Fig. 9-11a, which is more similar to the squaring 
loop. Rather than multiply m sin w,t by itself (squaring), it multiplies m sin wt by m. This 
gets the desired m” factor without doubling the frequency. The input to the PLL is m? 
sin wt, which does have a spectral component at w; that the PLL can lock onto. The 
recovered carrier (after a phase shift of — 7/2) is used to demodulate v; exactly as with the 
squaring loop. 

Before steady-state with 0, = 0 is reached, the recovered signal m at the output is 
actually mcos 6,. This function of 6, causes the PD output to be vz = sin 26,, and the PD 
characteristic is again that shown in Fig. 9—-10b. Therefore, 6, = 7 is also a stable point, 
producing a demodulated signal —m at the output. As with the squaring loop, this 
ambiguity is unavoidable. 

Although the remodulator doesn’t involve squaring, it has been shown [5] that the 
phase noise at the PLL output is still that given in Eq. (9-28). 

The bandpass filter at the input limits the noise. From Eqs. (9-28) and (9-30), the 
optimum bandwidth is B; = 2B,,. But this small a bandwidth is often not attainable due to 
physical limitations on the Q of a resonant circuit, where Q = w,/2B;,. This limitation is 
avoided by the Costas loop. 

The Costas loop shown in Fig. 9—11b is mathematically identical to the remodula- 
tor. The order of multiplication has merely been reversed by putting the PD ahead of the 
multiplier (the PD is actually a multiplier too). The advantage is that the bandpass filter 
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m cos 0,—M Cos 2ujt 


mM sin wt 


Vv; m COS 6. 
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Figure 9-11 Remodulator (a), and Costas loop (b) 


can be replaced by a lowpass filter (LPF) after the PD brings the signal down to the 
baseband. The LPF must pass the modulation, so its cutoff frequency must satisfy the 
same constraint given by Eq. (9-26) for the LPF at the output: 


Op = 27B,, 


Since the LPF is taking the role of the BPF in the remodulator, w, p/m replaces B; in the 
expression for the phase noise: 


6.2 = (2B,N,/V?) (1 + wzpN,/tV?) (9-31) 
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[compare Eq. (9-28)]. It is best if the two LPF cutoff frequencies are identical so that the 
delay of the m factor is the same in the signals m sin 0, and m cos 86, arriving at the 
multiplier. 

Note that the LPF is inside the PLL. Therefore, it constitutes a pole at w3, as 
discussed in section 3-7. Consequently, the same rules apply to @,p as to 3: stability of 
the PLL requires that 


K = wna (9-32) 


The demodulator circuits shown in Figs. 9-9a and 9-11 apply to binary PSK. PSK 
with more phases such as quaternary PSK requires more complex circuits along the same 
lines. [6] 


9-—4 FREQUENCY MODULATION 


A signal m is to modulate the frequency w, of the carrier so that w, = w; + Aw,, where 
Aw,(t) = am(t), and a is some constant. This can be done in simple applications by 
applying m(t) to a VCO (not in a PLL) so that Aw, = K,m(t). But some applications 
require more accurate control of the average frequency (carrier). For example, the FCC 
requires that commercial FM stations maintain their carrier frequency to within 0.001% of 
their assigned frequency. In these applications, a PLL can be used to lock the average 
frequency to an accurate reference such as a crystal oscillator. 

Let the spectrum of m extend from B,,, to B,,., as shown in Fig. 9—12a. Figure 
9—-12b shows the configuration of a VCO modulated by m(t) with a PLL locking the 
average frequency to the constant frequency w; of the reference signal v,. If the PLL 
bandwidth is too large, the loop filter output v., will follow and cancel m(f) in its attempt 
to match w, to w;. If the bandwidth is small enough, only the average of w, is matched to w,. 

A signal flow graph of the PLL is shown in Fig. 9-12c. We need to ensure that the 
transfer function from m(s) to Aw, has a flat frequency response over a sufficiently wide 
range. Let the forward gain from m to Aw, be A = K,, and let the feedback from Aw, to m 
be B = K,F(s)/s. Then 


Nasir a ead tee ah K, 
mS)i0 ey, Ts RAB 96, ty aleck, Kak O)K Js 
K, Sa ‘2 K,s° 
~~ PREG 8 A eee 2 


where H, = 1/(1 + G). But H,(s) has unity gain with a low-frequency cutoff at = K. 
Therefore, Aw,/m has a gain of K, with a cutoff ato = K, as shown in Fig. 9-12d. Then 
if we design the PLL to have a bandwidth that satisfies 


K = 2uB,, (9-34) 


Sec. 9-4 Frequency Modulation 203 


mf) 


ms) 


|Aw,/m| (rad/s/V) 


Ko 


(d) 


FiGureE 9-12 Frequency modulation 
the spectrum of m will be passed, and 


Aw,(t) = K,m(t) (9-35) 


as desired. 
By definition, 


O,(t) = J Aw, (2) dt 
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Since for our application here 6, = 0, then 6, = — 6,. Then to stay in the linear range of 
the PD, we need to satisfy 


[6.0 = |f Aw,() dt] = Om (9-36) 


where 0,,, is the limit of the linear PD range. If the range needs to be extended, +N 
frequency dividers can be used as in Fig. 9—2a. For large N, the spurious frequency 
modulation Aw may be excessive [see Eq. (9-9)]. A multiple pole in the loop filter at w, 
helps reduce Aw [see Eq. (9-15)]. 

Another way to extend 86,,,, to meet Eq. (9-36) is to use an n-state PD, as in Fig. 4-13. 
Then there are no frequency dividers (NV = 1), and there is no spurious frequency 
modulation. [Equation (9-9) indicates Aw = 27K for N = 1, but this variation is all 
within one cycle of w; since ®, = w,.] Sometimes a combination of +N frequency 
dividers and an n-state PD provides adequate performance with the simplest circuitry. 


EXAMPLE 9-2 


A commercial FM radio station wishes to frequency-modulate a 95.5-MHz carrier with a 
50-Hz sine wave so that the peak frequency deviation is 75 kHz. That is, w; = 
27(95.5MHz) = 600 Mrad/s, w,, = 27(50 Hz) = 314 rad/s, and Aw, = 2m(75 kHz) 
COS W,,t = (471 krad/s) cos w,,t. A PLL performs the frequency modulation using two 
+N frequency dividers to extend the range of a three-state PD as in Fig. 9—2a. A crystal- 
controlled VCO is available with K, = 100 krad/s/V, and a resonant VCO is available 
with K, = 5 Mrad/s/V. Find the necessary modulation voltage m(t). Design K,, @, and 
w3 Of the loop filter so the spurious modulation is at least 60 dB below the desired 
modulation. Find the acquisition time 7, for w,, = 0.05 w; = 30 Mrad/s. 
From Eq. (9-36), the effective phase modulation is 


471 krad/s_ 
Cy = SID, fF ac -1 500. sin 7 
0) 


m 


Then the range of the three-state PD must be extended to 2mN > 1500, requiring N = 
239. To satisfy Eq. (9-34) with the highest K possible, let K = 314 rad/s. This is a very 
low bandwidth: K = w,/1,900,000. Only a crystal-controlled VCO (or VCXO) can avoid 
injection problems under these conditions [see Eq. (5-33)]. However, a peak-to-peak 
deviation of 2 x 471 krad/s = 942 krad/s for Aw, is 1570 ppm of w; = 600 Mrad/s, 
which exceeds the linear range of most VCXOs (see Fig. 5-13 for example). 

The rule of thumb for a resonant VCO is K > w,/10,000 (see Eq. (5-33)]. We can 
improve on this rule by eliminating the +239 that divides the 600-Mrad/s v; down to 
2.5105 Mrad/s (see Fig. 9—2a) and providing a 2.5105-Mrad/s v; directly to the three-state 
PD. This eliminates the 600 Mrad/s signal that was ‘‘leaking’’ into the VCO and causing 
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the injection problems. However, the 239th harmonic of the 2.5105-Mrad/s square wave 
is 600 Mrad/s, and this component causes some injection in the VCO. For a square wave, 
the nth harmonic is |/n of the fundamental amplitude, so the injected signal V, is 1/239 as 
large. This reduces the injection constant K; = (w,,/2Q) (V,/V,) by 1/239, and our rule of 
thumb becomes K > o,/2,390,000. This allows the design value K = 314 rad/s. 

The resonant VCO has K, = 5 Mrad/s/V. From Eq. (9-35), the voltage necessary to 
produce the modulation Aw, = 27(75 kHz) cos o,,t is m(t) = Aw,/K, = (94 mV) 
COS W yf. 

Let the three-state PD use ECL devices with V, = —0.8 V and V,; = —1.8 V. 
Then Vi, = Vo — Vi, = 1V, and Kg = Va,/20N = 1/4807 = 663 pV/rad (see Fig. 9— 
2b). To realize the bandwidth K, we need K, = K/K,K, = 314/(663 w X 5M) = 0.095. 

To reduce the spurious modulation, we place a pole at w, = 4 K = 1256 rad/s. 
Then from Eg. (9-13'), the spurious frequency modulation is Aw = (27NK)?/w; = 373 
rad/s. This is only 0.04% (or —68 dB) of the peak-to-peak Aw, modulation 2 x 471 
krad/s = 942 krad/s. Further reduction would require another pole at w; or an n-state PD. 

The pull-in time for a three-state PD with +N frequency division is given by Eq. 
(8-28’): 


Da Oo) Kase 2aN TINO, (9-37) 


To minimize T,,, we pick w, as large as possible: w, = K/4 = 78 rad/s. Then for w,, = 30 
Mrad/s, T, = 1.6 sec. 


Pp 


9-5 FREQUENCY DEMODULATION 


The frequency of a carrier has been modulated with some variation Aw,(t) that is limited to 
a bandwidth B,, (see Fig. 9-13a). The objective of demodulation is to produce a 
proportional voltage m(t) = aAw,(t), where a is some constant. The configuration of a 
PLL used as a frequency demodulator is shown in Fig. 9—13b. If the PLL bandwidth is 
great enough, the VCO frequency will follow the input frequency, and Aw, ~ Aw,;. But 
Aw, = K,v., so v. ~ Aw,/K,, which is the desired demodulation m(t). 

We can get this result more formally from the signal flow graph in Fig. 9—13c. The 
transfer function from Aw, to v. can be seen in three stages: 6,/Aw; = 1/s, 6,/0; = H(s), and 
v/@, = s/K,. Then the product of the three stages is 


v/Aw,; = (1/K,) H(s) 


with a flat gain of 1/K, out tow = K (see Fig. 9-13d). To pass the whole spectrum of Aw; 
we require 


K = 2uB,, (9-38) 


Aw4f) 


(a) 


(b) 


(V/rad/s) 


(d) 


FiGurE 9-13 Frequency demodulation 
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But to maintain lock in the presence of random FM, an even greater K is required: 


im B,, A; oo. 
ar ao) 
9} 


for a sinusoidal PD characteristic [see Eq. (7-34a)]. Therefore, a lower cutoff at fp is 
provided by a low-pass filter to better limit noise. Let the transfer function of this filter be 
F'(s). Then 


ms) _ ele H( )F'( ) ae _KIK, F' 9-40 
Aw,(s) * K, an s +3K (s) OH) 


A frequency response for |m/Aw,| is shown in Fig. 9—13d for the case of a high-order low- 
pass F’(s) with a sharp cutoff at f,». As in the bound for K in Eq. (4-38), we also require 


Sip = Bm (9-41) 
Then all the frequency components of Aw, are passed, and 
m(t) ~ (1/K,)Aw,(t) (9-42) 


as desired. 

A noise component n(t) at the PLL input causes random frequency modulation that 
we will call the frequency noise w,(t). The standard practice is to limit this noise with a 
bandpass filter before the PLL. The spectral density of n(t) has power density N, and noise 
bandwidth B; as shown in Fig. 9—14a. The noise power is given by n* = N,B;. As shown 
in section 6-8, the power density of the phase noise 6, is By, = 2N,/V;, where V; is the 
amplitude of the carrier v;. Since w,(s) = s0,(s), the power density spectrum of the 
frequency noise is 


®,, = |s|’®,, = (2af )°2N/V; (9-43) 


out to B,/2 (see plot in Fig. 9-14c). The portion of w,,” that gets through the low-pass filter 
is the area under the curve out to f = f;p. This area is minimized by the lower bound of 
Eq. (9-41): fip = B,,. Integrating Eq. (9-43) from f = 0 to f = B,,, 
oet= 26:30B 4NGV2) 21892: BLAIB/SNR} (9-44) 
where the carrier-to-noise ratio is 
SNR; = v7/n? = V2/2N.B; (9-45) 


The signal-to-noise ratio after demodulation is 


SNR, = (AO); rns)7/00y” (9-46) 
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Figure 9-14 FM frequency noise 


EXAMPLE 9-3 


A carrier is frequency-modulated with a signal that has a bandwidth B,, = 15 kHz and 
causes an effective peak frequency deviation of 3.540; . 4, = 27(75 kHz), or A; ms = 
135 krad/s. A PLL is to demodulate the signal. The noise bandwidth of the bandpass filter 
at the PLL input is B; = 200 kHz, and the carrier-to-noise ratio is SNR; = 20 dB = 100. 
Find K and the signal-to-noise ratio after demodulation. 

Equation (9-38) requires K > 94 krad/s. But to maintain lock, Eq. (9-39) requires K 
= 320 krad/s and w, = 80 krad/s (see Example 7-3). Satisfying the lower bound of Eq. 
(9-40), we set f;p = B,, = 15 kHz. Then Eq. (9-44) gives w,” = 2.23 (krad/s)*, and Eq. 
(9-46) gives SNR, = (135)*/2.23 = 8173 = 78 GB. 
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CHAPTER 


CLock RECOVERY 


In digital communication systems, information is conveyed by a series of bits—1’s and 
0’s. A typical binary data signal v; is shown in Fig. 10—la. The bit sequence here is 
1,1,0,1,0,0,1,1, where a pulse represents a 1, and the absence of a pulse represents a 0. 
The bit rate is called the baud fg. To process the data correctly, the receiver usually 
synchronizes a clock to the data so the clock frequency f, equals fg. The process of 
synchronizing the frequency and phase of the clock is called clock recovery, and it is 
usually accomplished by a PLL. Applications requiring clock recovery include compact 
disk players, floppy disk readers, and satellite data links. 

The application of PLLs to clock recovery has some special design considerations. 
Because of the random nature of data, the choice of phase detectors is restricted. In 
particular, three-state PDs won’t work, and other means must be used to aid acquisition. 
One useful method is the rotational frequency detector described in section 8—6. The 
random data also cause the PLL to introduce undesired phase variation in the recovered 
clock. This is called timing jitter, and it is the principal topic of this chapter. Through 
proper design of the PLL, this jitter can be minimized. Trischitta and Varma [1] provide a 
comprehensive reference on jitter sources, effects, and standards. 
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Figure 10-1 RZ data and clock 


10-1 DATA FORMATS AND SPECTRA 


Consider the data signal in Fig. 10—la, where the first two bits are adjacent 1’s. Because 
the signal goes to zero between adjacent pulses, this format is called return-to-zero (RZ) 
data. The result is a signal that is a periodic square wave with period T, but with some of 
the pulses missing. Therefore, the spectrum v,(w) has a line component at fg = 1/Tg. The 
spectrum also has a continuous component that extends beyond f = 2f,; this corresponds 
to the random pattern of missing pulses. 

In communication applications, the data is filtered by a low-pass filter to eliminate 
as much noise as possible, as in Fig. 10—1b. The result is a rounded waveform vy; in the 
time domain and a narrower spectrum v,(@) in the frequency domain. Note that the 
filtering is broad enough that the sigaal still returns to zero between pulses, and there is 
still a line component at fz in the spectrum. Clock recovery amounts to extracting this line 
component as either a sine wave or a square wave v, (see Fig. 10—1c). The desired phase 
is to position the rising edges of v, at the center of the v; pulses. Then the clock can sample 
the data at the optimum time (see the dots on the v; waveforms) to determine whether the 
bit is a 1 or a O. 

Another data format is the non-return-to-zero (NRZ) data v;’ shown in Fig. 10—2a. 
Again the bit sequence is 1,1,0,1,0,0,1,1, but the signal does not go to zero between 
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Figure 10—2 NRZ data and clock 


adjacent pulses representing 1|’s. That is, the pulse width equals the pulse spacing 73. It 
can be shown [2] that the corresponding spectrum v,' (w) has no line component at fp (see 
Fig. 10—2a). In fact, the continuous part of the spectrum actually goes to zero at fg. The 
band-limited form of the NRZ data is shown in Fig. 10—2b. Most of the spectrum of this 
signal lies below f,/2, a result of filtering to reject noise. | 

Since NRZ data has no component at fg, a PLL will not lock to the data to produce 
the clock signal. As we found in section 9-3-1, a nonlinear process can create a line 
component at fg, and a PLL can recover the desired clock signal v,, as in Fig. 10—2c. 
When in lock, the PLL usually phases the clock so that its rising edges are centered on the 
data pulses (see the dots on the v,’ waveforms). If the PLL aligns the falling edge of v, in 
the center of the v; pulses, the complement of the clock can be used for data sampling. 


10—2 CONVERSION FROM NRZ TO RZ DATA 


One way to recover clock from NRZ data is to convert it to an RZ-like data signal that has 
a line component at fg, and then recover clock from that RZ data with a PLL. The 
conversion process for band-limited NRZ data is illustrated in Fig. 10—3. Since the phase 
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Ficure 10—4 Converting NRZ logic signal to RZ-like signal (high-data rates) 
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information is in the transitions of the data v,', the data is first differentiated to generate a 
pulse (either positive or negative) corresponding to each transition (from 0 to | or from | 
to 0). These pulses are made to be all positive by squaring the differentiated signal v ;’. 
(Squaring produces fewer harmonics and reduces the in-band noise compared with full- 
wave rectification.) The result is signal v; that looks just like RZ data; pulses are spaced at 
intervals of 7, and some pulses are missing. But here a pulse stands for a transition rather 
than a |. 

In low-noise applications, other options are available for converting NRZ data to 
RZ data. A method useful at high data rates (f, > 20 Mb/s) is shown in Fig. 10—4. The 
data v,’ is delayed by 7,/2 and compared with itself by an exclusive-OR gate. Each time 
that v,'(¢) and v;’(t — T,/2) are different (after a transition), the exclusive-OR generates a 
pulse. For example, at a data rate of fg = 50 Mbit/sec the bit spacing is Tz = 20 ns, and a 
delay of T,/2 = 10 ns is needed. Since signals propagate through delay lines at about 0.2 
m/ns, this requires 2 m of cable. Since logic devices decrease the effective signal-to-noise 
ratio, this method 1s not used in recovering clock in low signal-to-noise applications. But 
for clock recovery from a logic signal, the circuitry here is simpler than that in Fig. 10-3. 

For low data rates, the cable length to realize T, delay may be excessive. In that 
case, the method for converting NRZ to RZ data shown in Fig. 10-5 is simpler. Each 
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Figure 10-5 Converting NRZ logic signals to RZ-like signal (low-data rates) 
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rising and falling edge of the NRZ data triggers a monostable multivibrator with pulse 
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width 7;,/2, and an OR gate combines the pulses. 


10—3 PHASE DETECTORS FOR RZ DATA 


In high-noise applications, a multiplier is usually used as a phase detector, as in Fig. 10—6a. 
(Multipliers as phase detectors were discussed in section 4—1.) For the case shown here, 
the data pulses v; are positive, and the clock signal v, goes both positive and negative. In 
steady-state with 0, = 0, each falling edge of v, splits a data pulse (the solid v, waveform 
in Fig. 10—6c). Then the product ¥, consists of pulses with equal positive and negative 
areas, and v,, the average, is zero. For positive phase error 6,, the clock is delayed slightly 
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Ficure 10—6 Phase detector for high-noise RZ data 
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compared to the data (the dashed v, waveform), the ¥, pulses have more positive than 
negative area, and v, is positive. The resulting PD characteristic of vz versus 0, is shown 
in Fig. 10—6b. The characteristic is sinusoidal with a maximum value that depends on the 
density of data pulses. If half the pulses are missing on average, the characteristic is half 
the height it would have with no missing pulses. 

In low noise applications, a simple exclusive-OR gate can be used as a multiplier, as 
in Fig. 10—7a. Again, the falling edges of the clock v, split the data pulses evenly in 
steady-state, and v,, the average of v,, is zero, (see Fig. 10—7c). For positive 0,, the clock 
v, 1S delayed (dashed waveform) relative to the data v;, and the average of Vv, is positive. 
Note that during the time that there are no v; pulses, the average of ¥, is zero even for 
nonzero 6,. Then for 0, = 1/2, v, will be V;, — V, half the time and an average of zero 
half the time if the pulse density is 50%. Therefore, v, = (Vy — V,)/2 corresponds to 
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Figure 10—7 Phase detector for low-noise RZ data 
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6. = /2 for a 50% pulse density (see the PD characteristic in Fig. 10—7b). The 
corresponding PD gain is 


Ky = (Vy — V_,)/t; 50% pulse density (10-1) 


10—4 PATTERN-DEPENDENT JITTER 


We have been assuming that the PLL responds to v,, the average of ¥,, because of the 
low-pass nature of the PLL transfer function H(s). When the bandwidth K is much less 
than the baud f,, it is reasonable to consider the long-term average of ¥, in Fig. 10—7c, 
which is zero for 6, = 0. However, for a wide-band PLL, the pattern of ¥,, which 
depends on the data, does have an effect on 6,. 

The analysis here holds for an exclusive-OR PD. Consider the data pattern v; shown 
in Fig. 10—8 with the corresponding ¥, pattern for 0. = 0. We can analyze the effect of v, 
by considering it a phase-modulation input at m(t) in Fig. 9-1. From Eq. (9-1), 
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Figure 10-8  Pattern-dependent jitter with XOR PD 
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The result of this low-pass transfer function is shown by the 6,(t) waveform in Fig. 10-8. 
During pulses on v;, 6, is a triangular wave with a peak-to-peak amplitude of A@. When 
there are no pulses on v,;, 0, is a triangular wave with a peak-to-peak amplitude of 2A0. 
There is also a decaying exponential transient when the data pattern changes; this transient 
is the short-term average of @,. The amplitude of the transient is A6@/2. 

The value of A@ can be obtained easily in terms of K and Tz as follows. For 
frequencies on the order of f, (and therefore greater than K), Eq. (10-2) can be approxi- 
mated by 


OKs) t. KIK, 


VAS) S 


Rearranging, and taking the inverse Laplace transform, we get 


5 0,(8) ~ t4(s) K/K, 
6 (t) ~ (t) K/Ky 


When a data pulse is present on v;, then ¥; = V, — V, for an interval T;,/4 (see Fig. 
10-8). Then the change in @, during this interval is 


AO = 6,Tp/4 = (Vy — V;)K/K pT s/4 


But from Eq. (10-1), the PD gain is Ky = (Vq — V,)/a for 50% 1’s density in the data 
pattern. Therefore 


Aé = (w/4)K Tz (10-3) 


When pulses are not present in the data pattern v;, the interval during which 0, ramps 
becomes 7;/2, and the change becomes 2A@ (see Fig. 10-8). Since the exponential 
transients have amplitudes of + A6/2 and — A@/2, the peak-to-peak phase jitter of 0, is 
the A@ given by Eq. (10-3). 

The specific form of the transient behavior is of course dependent on the data 
pattern. If the pattern is alternate |’s and 0’s, then the jitter is virtually nonexistent. But if 
there are long strings of 1’s and 0’s, then the jitter amplitude given in Eq. (10-3) holds. 


EXAMPLE 10-1 


A PLL with an exclusive-OR phase detector is used to recover clock from RZ data. The 
PLL bandwidth is one-tenth the baud; that is, K = 0.1 X 2qf,. Find the pattern- 
dependent jitter. 

Since fg = 1/Tg, we have K = 0.271/Tg,, and from Eq. (10-3), A@ = O:277/4 = 0,5 
radian. This is a significant 8% of a bit interval! 
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The pattern-dependent jitter that accompanies an exclusive-OR PD can be avoided 
by using a two-state PD. The performance of the two-state PD was analyzed in section 4—7 
for both v; and v, periodic. Here, v; is RZ data applied to the two-state PD, as in Fig. 10—9a. 
The result is a waveform v, of positive pulses with width proportional to the phase 
difference between the data v, and the recovered clock v, (see Fig. 10—9b). For 0, = 0, 
the pulse width equals that of the RZ data, and v, = —v,. Then vy = 1/2(v, + vy) = 0, 
and there is no pattern at the output of the PD for 6, = 0. Therefore, there is no pattern- 
dependent jitter. Another advantage of the two-state PD is that the phase range is + 7, or 
double that of an exclusive-OR PD (see Fig. 10—9c). 


10—5 PHASE DETECTORS FOR NRZ DATA 


To recover clock from NRZ data, the NRZ data is usually converted to RZ-like data, as in 
Fig. 10—4, and then applied to an RZ phase detector, as in Fig. 10—7 or Fig. 10-9. 

It is also possible to compare the phase of NRZ data directly with a clock, as in Fig. 
10—10a. This circuit behaves essentially like a two-state PD, with a phase range from — 
to 7, as shown in Fig. 10—10b. The data v; is sampled by the rising clock edge v,, and the 
sampled data Q, is compared with the data by an exclusive-OR gate. The result is a signal 
v, with pulses whose width goes from zero to Tz as 6, goes from — 7 to 7m (see Fig. 10— 
10c). For 6, = 0, the pulses have width T;/2, but the average of ¥, depends on the data 
transition density (the number of ¥, pulses). Therefore, the waveform ¥, is needed as a 
reference. It maintains (independent of 6.) the waveform that ¥, would have for 0, = 0. 
Then ¥, = ¥, — Vv, always has a zero average for 6, = 0. This corresponds to v, = O for 
6, = O in the PD characteristic (see Fig. 10—10b). The maximum value of the characteris- 
tic depends on the transition density; for a 50% density, the maximum is (V, — V,)/4, 
where V,, is the logic high level, and V, is the logic low level. 


10—6 OFFSET JITTER 


When the PD has dc offset Vz,, another kind of pattern-dependent phase jitter arises. A 
brief explanation is that the offset voltage causes the clock phase to drift when there are no 
data pulses (no phase information). The drift will be longer or shorter according to the 
variations of the data pattern. To be quantitative in our analysis of this effect, we need a 
model for the PD in the presence of a data pattern. 

Let an RZ data signal v; be considered the product of two waveforms: 


V(t) = A(t) Vin(t) 


where 6 is the corresponding NRZ waveform and v,,, is a square wave to reduce the last 
half of each RZ pulse to zero (see Fig. 10—11b). The periodic signal v,,, is one that we 
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have worked with before in section 4—6, and we will be able to apply some of that 
analysis. 

The development here holds for all phase detectors, but to be clear, let the PD be an 
exclusive-OR gate comparing the phase of v; with that of a clock v, to produce ¥,, as in 
Fig. 10—lla. We define v/, as the average of », while 6 is constant (either | or 0). When 6 
= | (no missing pulse), the analysis in section 4—6 applies, and v, = Kz,,0., where 


Kam = Van! (T/2) (10-4) 


When 6 = 0, v, = O (see the waveforms in Fig. 10—11b). This can be expressed as 


Ki,,0e5 re) l 


0; re) 0 


or 
Vy = OK an, (10-5) 


This relationship is incorporated into a signal flow graph for the PLL in Fig. 10—12a. The 
input phase 0; is assumed to be zero so we can concentrate on the effects of the data 
pattern. The input variable to the loop here can be considered 6, which is the data pattern. 

Unfortunately, the loop in Fig. 10—12a involves a multiplier, which makes it a 
nonlinear system and difficult to analyze. Therefore, our first task is to approximate the 
behavior of the multiplier by an adder as follows. Let the inputs 6 and 0, to the multiplier 
be resolved into dc and ac components: 


d(t) = 6, + d(2) 
OGY Oi 0G) 


USED 


where the subscript o indicates the dc component (or average), and the **~’’ indicates the 
ac component with zero mean. Typical waveforms for these variables are shown in Fig. 
10-12b. The variables 5, and d(t) are of the same magnitude, but we can make the 
approximation 


6(t) << 0 


Then the product in Fig. 10—12a can be approximated by 


[5, + d()]0(1) = 6,0.(t) + S(t) [6., + 4.(0)] 
5,0,(t) + d(t)0 


5(t)4.(t) 


t 


(10-6) 


eo 


Neither of the products on the right involves two time functions; the constants 6, and @,, 
can be considered ‘‘gain’’ factors. Therefore, the product on the left is approximated by a 
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Figure 10-11 Decomposition of RZ waveform v, 


sum on the right. Equation (10-6) can also be put in the form 60, ~ 6,(0, + 66,,/8,). The 
flow graph in Fig. 10—12c substitutes this sum for the product in Fig. 10—-12a. The input 
variable is now 6, a zero-mean signal determined by the data pattern (see Fig. 10—13a). 
The form of the flow graph in Fig. 10—12c is the same as that of a PLL with a PD gain of 
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Figure 10-12 Offset jitter 6, due to 0 
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Ficure 10-13 Spectral densities in the analysis of offset jitter 
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and with an input phase of 66,,,/5,. Although this is not a phase that can actually be 
measured anywhere, let us define this effective input phase as 


0, = (8./8,)8 (10-8) 


One of these sources of this effective phase is the pattern of gaps in the data reflected by 6. 
The other source is the static phase error 6, caused by dc offset voltage: 


Gx Tree Vi IKg (10-9) 


[See Eq. (3-7).] Let 6, be the ac component of the output phase G,. Using the PLL phase 
transfer function H(s) developed in section 3-5, we can find 6, in terms of 0: 


0,(s) = 0,(s)H(s) (10-10) 


This unwanted phase is called offset jitter. If we can find the spectral density of 5, then 
from Eqs. (10-8) and (10-10) we can | get the spectral density of the jitter 6, and its rms 
value. 

A typical waveform for 6 is shown in Fig. 10—13a. It has zero mean and varies 
between 0.5 and —0.5 with the data pattern. Its mean square value is 0.25, and it can be 
shown (see Lathi [3] for example) that its spectral density is 


Tz sin’ (mTpf ) 


Os f) = 5 (aT, fy 


(10-11) 


as illustrated in Fig. 10—13a. Since the bandwidth B, of the PLL is usually much less than 
1/Tz, we will be able to approximate 


Ds f) ~ O30) =°T5/2 (10-12) 
But from Eq. (10-8), the spectral density of 6, is 
By(0) = (05/8, Ps0) = (8eo/5,)°Tp/2 (10-13) 
As determined in section 6—2, the noise bandwidth of the PLL is 
B, = k/4 (10-14) 


Then the spectral density 4, of 6, can be modeled by cutting off ®,, abruptly at B,, as 
shown in Fig. 10—-13b. The area under the curve gives the mean-square jitter: 


=a 


O42 = o(0)B (02018, T pK/8 (10-15) 
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For random data, both the 1’s density and the transition density are 6, = 0.5, and Eq. 
(10-15) becomes 


6,2°= @,(0)B, = 0.50,,2K Tz (10-16) 
Since 6, = 0 in this analysis and 0, = 0; — 0,, therefore 6, = —6,, and we also have 
62 = ®,,(0)B, = 0.5 0.2K Tp (10-16’) 


A typical PLL bandwidth might be K = 0.02/T,. Then 6,” = 0.01 6,,”, Or 9 mms = 0.1 
0,,. This justifies our assumption that 6, is negligible in Eq. (10-6). 

While Eqs. (10-16) and (10-16) give a measure of the offset jitter, they tell very 
little about the probability distribution of the offset jitter. If the distribution ware Gaus- 
sian, then the mean (6,,,) and the standard deviation (0, ,,,.) Would completely characterize 
the distribution of 6,. But the distribution is not Gaussian. Figure 10—14 shows probability 
distribution for 6, for pseudorandom data. This was obtained by a computer simulation of 
a first-order PLL (w, = 0) with a pseudorandom data pattern of length 27° — 1. (See 
Golomb [4] for a description of pseudorandom pattern generators.) The case simulated 
here is for KTz = 0.02. From Eq. (10-16'), this results in a normalized standard deviation 
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0. rms/8e0 = 0.1. Figure 10—14 also shows a Gaussian distribution with the same mean and 
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standard deviation for comparison. While the Gaussian distribution exceeds five standard 
deviations (x = 1.5 on the abscissa) with a probability of only 7.2 x 10’, the actual 
0./0,, exceeds 1.5 with a probability of 0.002. While the Gaussian distribution exceeds 
x = 2.27 with a probability of only 3 x 10 *’ (this is off the plot), the actual 0,/6,, 
exceeds 2.27 with a probability of 10°. 


EXAMPLE 10—2 


Clock is recovered from a 1.544 Mb/s RZ data stream by a PLL with a bandwidth K = 27 
x 5 kHz = 31.4 krad/s. The phase detector in the PLL is a CMOS exclusive-OR gate 
with logic levels V; = 5 V and V; = O V. The PD offset voltage can be as great as V,, = 
—0.15 V. The error rate after sampling the data with the recovered clock is to be 10° ° or 
less. How much has V,,, reduced the timing margin for alignment of the clock? 

The optimum clock alignment is with the rising clock edge centered on the RZ data 
pulse, as in Fig. 10—1. Then the timing margin is w/2 radians before the clock edge 
reaches the edge of the data pulse and causes errors. The PD offset voltage V,, = —0.15 V 
causes a static phase offset 0., = —V4y./Ka [see Eq. (10-9)]. The exclusive-OR phase 
detector has a gain Kg = (Vy — V,)/t = 5 V/3.14 rad = 1.59 V/rad [see Eq. (10-1)]. 
Then @,, = 0.0942 rad, which reduces the timing margin by this much. But offset jitter 
further reduces the timing margin. The data spacing is Tp = 1/1.544 Mb/s = 648 ns. 
Then Eq. (10-16’) gives the mean square jitter: 6,2 = 0.5 0,,°K Tz = 0.01 6,,”, and 
taking the square root gives 0. »,; = 0.1 0,, = 0.00942 rad. This is the case covered by 
Fig. 10-14, which shows that 0, reaches about 12.7 0, ms, away from the mean 0@,, with a 
probability 10~°. Then the total reduction of timing margin is 0,, + 12.7 0. ans = 0.214 
radians. The margin with optimum alignment is 7/2 = 1.57 radians, so the reduction is 
0.214/1.57 = 13.6% 


A few comments need to be made to allow generalizations from Example 10-2. It 
was assumed that the 10° error rate specification was for a pseudorandom data pattern 
with length 2°? — 1, for which Fig. 10-14 applies. The bandwidth K = 0.02/T, was also 
chosen in Example 10-2 so that Fig. 10-14 applied. For other bandwidths, the 10° point 
is roughly 13 0, in. away from @,,. For example, if K were increased to 27 X 40 kHz, 
then KT, = 0.16, and from Eq. (10-16’), 0. ». = 0.0267 radians. Then the timing 
margin reduction would be 6, + 13 0. mms = 0.441 radians, or 28.1%. This is a rough 
estimate; the reader should write his own program for other pseudorandom patterns and 
other values of KT,. The discrete-time difference equation is 


te hl ee ue ol, 
where X = 6,/6,,, and D,, is a pseudorandom sequence of |’s and 0’s. 


Note that if the recovered clock samples NRZ data rather than RZ data, the timing 
margin for optimal alignment is m7 rather than 7/2. 
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10—7 JITTER ACCUMULATION 


While offset jitter is seldom a problem in one PLL, it can accumulate to a significant level 
in a series of tandem PLLs. This is the case in a chain of data repeaters, shown in Fig. 10— 
15a. Data v; transmitted at the head end has the clock recovered by a PLL, and the data is 
regenerated (cleaned up) as v,. After some distance of transmission, distortion and noise 
require that the signal again be regenerated. Repeated cock recovery may occur as many 
as 1000 times in long-distance transmission. Each clock recovery circuit in the transmis- 
sion path adds its own offset jitter to the total jitter. 

The accumulation of jitter is modeled in Fig. 10—15b. Each PLL has an effective 
phase 6, due to offset and the data pattern. This is added to the phase jitter of the data from 
the previous repeater. The PLL then filters the combined phase by its transfer function 
H(s). The data pattern is the same for each PLL, and if we assume in the worst case that 
the static phase error 0,, is the same for each PLL, then they all have the same @,. As can 
be seen from Fig. 10—-15b, the transfer function from 6, to the last output phase @y is 


A gat H(s) + H%(s) +... + Hs) 
6,(s) 
H(s) ilbaty 
pre ee Ho) (1 — ANs)] (10-17) 


For w, = 0, H(s) + I/(s/K + 1), and Eq. (10-17) becomes 
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6/0, = (K/s)[1 — 1Ms/K + 1)%] (10-18) 
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Ficure 10-15 Jitter accumulation in a chain of N regenerators 
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Then, as in Chapter 6, the spectral densities of 6, and 6, are related by 
Def Drm = 410/01 (10-19) 
For the case wo, = 0, Eqs. (10-18) and (10-19) give 
Do/P_, = (K/2nf)* |1 — 1 j2afiK + 1)%/? (10-20) 
This normalized power spectral density is plotted in Fig. 10—16 for various N, where N is 
the number of repeaters. For 2af/K > 1/N, (2af/K + 1)" >> 1, and ®,,/®,, approaches 
(K/2mf)*, as can be seen from Fig. 10-16. For 2mf/K < 1/N, Pyn/®,, = N’. As a result, 
cumulative jitter tends to be heavy in low-frequency content. 
The mean-square cumulative jitter is proportional to the area under the curves in 
Fig. 10-16. Byrne et al. [5] have evaluated the integral of Eq. (10-20): 
J, Pen/®p, df = 0.5 N S(N) K araliteys 


where S(N) is a function of N that ranges from 0.5 to 1 as N increases (see Fig. 10-17). 
Over the range of f for which ®,,(f) is important, ,,(f) is usually constant enough that 
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Figure 10-16 Accumulated jitter power density (w, = 0) 


232 Clock Recovery Chap. 10 


PPT sto] ok eee Bee 
Waa aie ale Ea ciee 
A ees 
on ch eg ein faa. 
at 


ay 
PAG EE BAL: 
Subse hy Mh sces| bos laha Pp 


1 2 3 4 Gris 10 15:6 20 30 40 60 80100 WN 


Number of regenerators 


Ficure 10-17 Factors for calculating accumulated jitter 02, 


we can approximate ®,,(f) ~ ®,,(0). Then the mean-square cumulative jitter for w. = 0 
is 


Oy = J, Pay df = 0.5N S(N) K ®y, (10-22) 
For the usual case of 6, = 0.5, Eq. (10-13) gives 
b,(0)2="20aeiTy (10-23) 


and 


O = ON SO) Kel, 6... (10-24) 


where N is the number of repeaters. Taking the square root of Eq. (10-24) shows the rms 
cumulative jitter grows in proportion to IN. This is characteristic of systematic jitter, 
which has the same @, introduced in each PLL (see Fig. 10-15). 

Another source of systematic jitter is intersymbol interference (ISI). This is phase 
jitter at the PLL input caused by data pulses effectively shifting the phase of following 
data pulses. Duttweiler [6] shows how to calculate the phase spectral density due to ISI 
from the data pulse shape, and Rosa [7] shows how to shape the channel response to 
minimize ISI jitter. 

The offset-induced ®,,(0) given in Eq. (10-13) is only one source of phase spectral 
density that causes phase jitter. There is also the spectral density ©, due to noise at the 
input [see Eqs. (6-23) and (6-26)]. This is nonsystematic or random jitter since the noise 
is different at the input of each PLL. DeLange [8] shows that random jitter accumulates as 
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0.282 JN R(N) K®,, where R(N) is a function of N that grows from 0.886 to 1.0 as N 
increases (see Fig. 10-17). Then with Eq. (10-22), the total accumulated jitter is 


O° = 0.5N S(N) K ®,,.(0) + 0.282 JN R(N) K ©, (10-25) 


where ®,, includes all systematic jitter—the offset jitter in Eq. (10-13), and ISI jitter, and 
pattern-dependent jitter described in section 10—4. Since the random jitter [the second 
term in Eq. (10-25)] grows more slowly with N, it is usually negligible for N > 30. 


EXAMPLE 10-3 


A transmission line with 30 repeaters carries RZ data at 1.544 Mb/s. Each repeater has an 
input filter with bandwidth B; = 3 MHz, a signal-to-noise ratio SNR; = 12, and a clock- 
recovery PLL with a bandwidth K = 31.4 krad/s and w, = 0. The PD in the PLL has a 
figure of merit M = 10.6. Find the accumulated jitter at the end of the transmission line. 

From Eqs. (3-7) and (4-14), 6., = 1/M = 0.0942 radians. The data spacing is Tz = 
1/1.544 Mb/s = 648 ns. For random data with 6, = 0.5, Eq. (10-13) gives ®,,(0) = 
20..Tp = 1.15 xX 10~* rad’/Hz. For N = 30, Fig. 10-17 gives S(N) = 0.9. Then the 
first term of Eq. (10-25) is 0.00487 rad’. 

From Eq. (6-26) the random phase spectral density is @, = 1/B;SNR; = 2.08 X 
10~°® rad?/Hz. From Fig. 10-17, R(V) = 0.99. Then, the second term in Eq. (10-25) is 
0.000706 rad*, which is only 14.5% of the first term. The total accumulated jitter is 0,7 = 
0.00487 + 0.000706 = 0.00558 rad’, or Oy ims = 0.00558 = 0.0747 radians. 


Accumulated jitter is removed by a clock-recovery PLL with a VCXO (see section 
5—6) to achieve a very small bandwidth K (< | rad/s). The recovered clock with no jitter 
samples the data with accumulated jitter 6,, and the reclocked data therefore has no jitter 
(practically). If the phase 6, between the clock and the data exceed 1/2 for RZ data, errors 
will occur. For N = 30, the Central-Limit Theorem [9] makes 6, about Gaussian, and it 
exceeds x Oy .s With a probability approximated [10] by 


P(x) ~ 0.4 (I/x — 1/3) eo (10-26) 


For the 0y +s = 0.0747 radians in Example 10-3, 6, = /2 corresponds to x = 
1.57/0.0747 = 21. Then 0, exceeds 7/2 with a probability P(x) = 3 x 10-8, and there 
are essentially no errors due to reclocking of the data. If 6, were large enough to cause a 
significant error rate, an elastic store [11] would be necessary in the jitter removal. 
Equation (10-24) gives the accumulated offset jitter for the case w, = 0. For the 
more usual case of w, # 0, the peak value of H(s) exceeds unity, and the H™ in Eq. (10-17) 


234 Clock Recovery Chap. 10 


can be quite large for large N. As shown in Chapter 2, the peak value of H is H, ~ 1 + 
w,/K for o@, << K. Then 


HY ana (1 i «9/K)* ae exp(Nw,/K) (10-27) 


and the phase transfer function 0/0, grows about exponentially with NV. This can lead to 
much greater jitter accumulation than predicted by Eq. (10-24) if w, is not kept suffi- 
ciently small. For w, # 0, the PLL transfer function is 


Ks + Ko, 
18 AEG Sc 20 tener renee rere 
Sor KS) oh W, 
Using this expression for H(s) in Eqs. (10-17) and (10-19) leads to the normalized spectral 
densities in Fig. 10-18. As w,/K increases, the peaking and the area under the curve for a 
given N increase. 
The area under a curve in Fig. 10—18 gives the normalized mean-square jitter: 


OvIK®)(0) = J Byy/KBy(0) df 


Ficure 10-18 Accumulated jitter power density 
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Figure 10-18 (Cont'd) 


A computer was used to evaluate the areas by numerical methods, and the results are 
plotted in Fig. 10—19 as a function of N for several values of w,/K. A good rule of thumb 
is to make 


w,/K = 1/N (10-28) 


so that HS ~ 2.7 [see Eq. (10-27)]. It can be seen from Fig. 10-19 that for w5/K = 1/N, 
6," is increased by a factor of only 2.3 over that given by Eq. (10-24), independent of N. 
Then for w,/K = I/N, the accumulated offset jitter is 


Gr 2K NGSUNVtO., tp (10-29) 


EXAMPLE 10—4 


A transmission line with 30 repeaters carries RZ data at 1.544 Mb/s. Each repeater has a 
clock-recovery PLL with a bandwidth K = 31.4 krad/s and a PD with a figure of merit M 
= 10.6. The initial frequency error before acquisition is w,, = 1 Mrad/s. Find the 
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Figure 10-19 Normalized mean-square cumulative jitter 


accumulated offset jitter at the end of the transmission line and the pull-in time for three 
cases: w = 0.01 K, w, = 0.03K, and w, = 0.1K. 

For w, = 0.1K, Fig. 10-19 gives 6y"/K®,,(0) = 115. As in Example 10-3, ®,,(0) 
= 1.15 x 107%. Therefore, 0,7 = 0.0415 rad’, or Ay ans = 0.204 radians. The input 
frequency to which the PLL is to lock is w; = 27 f, = 9.7 Mrad/s. For an exclusive-OR 
PD, the lock-in frequency is w, = (m/2)K = 49.3 krad/s. From Eq. (8-46b), the pull-in 
time for a rotational frequency detector is : 


T,, ~ (2t7/w,)€n(w/200,) + (40T7w,,/0; — 277)/wz, 
= 0.291 ms + 0.135 ms = 0.426 ms 
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For w, = 0.03K, Fig. 10-19 gives 0,7/K®,,(0) = 31. Therefore, 0,7 = 31 x 31.4 
krad/s X 1.15 X 10~® = 0.0112 rad? or Oy ms = 0.106 radians. The pull-in time is the 
Same since it doesn’t depend on w,. However, since w, = 1/R5C, the value of C must be 
about triple that for w, = 0.1K, and the frequency detector must provide about triple the 
current to charge C during acquisition, = wees 

For w, = 0.01 K, Fig. 10-19 gives 0,7/K®,,(0) = 18. Therefore, 0,°.= 18 X 
31.4 Mrad/s x 1.15 x 10°* = 0.0065 rad’, or Oy pms = 0.081 radians. The pull-in time 
is the same. However, the current required of the frequency detector is now ten times that 
for w, = 0.1 K. 

Decreasing w, from 0.1 K to 0.03 K reduced Oy ,,, by 50%. Decreasing w, further 
to 0.01 K only reduced Oy ,,,, by another 20%. This is probably not worth the extra current 
required of the frequency detector. Therefore, the best choice for w, is 0.03K, as 
recommended by Eq. (10-28). 
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CHAPTER 


FREQUENCY SYNTHESIZERS 


A frequency synthesizer generates any of a number of frequencies by locking a VCO to an 
accurate frequency source such as a crystal oscillator. Most quality FM radios now use a 
frequency synthesizer to generate the 101 different frequencies necessary to tune to the 
various stations. For proper tuning, the synthesized frequency should be accurate to 
within 10 parts per million (ppm)—the accuracy of a crystal oscillator. Since it is 
impractical to have 101 crystal oscillators, a frequency synthesizer is used to generate any 
one of the frequencies from just one crystal oscillator. 


11-1 SINGLE-LOOP SYNTHESIZER 


The simplest form of a frequency synthesizer is shown in Fig. 11-1. Itis a PLL with +N 
frequency divider in the feedback path. When the PLL is in lock, the fed-back frequency 
f,/N equals the input frequency—the reference frequency f,. Therefore, the output fre- 
quency is 


dp: oa N f, (J1-1) 
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10 MHz 
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N= 494 to 594 Ficure 11-1 Simple frequency synthesizer 


For a fixed f,, the desired f, is generated by selecting the proper integer N. Circuits that 
divide a frequency by a value N that is controlled by a signal are called programmable 
dividers or programmable counters. Motorola [1] manufactures an integrated programm- 
able counter—the MC4018. See Rohdel [2] for a complete discussion of programmable 
counters. 


EXAMPLE 11—1 


Design a single-loop synthesizer to generate 98.8 MHz, 99.0 MHz, 99.2 MHz,. . . 118.8 
MHz. That is, f, is to have a range from 98.8 MHz to 118.8 MHz with a resolution of 0.2 
MHz. 

All the frequencies are multiples of 0.2 MHz. Then from Eq. (11-1), f. = 0.2 MHz. 
The lowest frequency is 98.8 MHz = 494 x 0.2 MHz, and the highest frequency is 
118.8 MHz = 594 x 0.2 MHz. Then N must range from 494 to 594. 

Since it is difficult to make crystals that resonate as low as 0.2 MHz, the reference 
frequency here would probably be obtained by dividing down a higher crystal frequency 
such as f; = 10 MHz (see Fig. 11-1). If the +50 is made a selectable +M, then f, = 
f/M, and Eq. (11-1) becomes 


fo = (NIM); (11-2) 


Integrated circuits are available commercially that provide the +M and +N frequency 
dividers and the PLL’s phase detector in one package. [3] 


11-2 CHOOSING THE BANDWIDTH K 


The bandwidth K of a PLL in a frequency synthesizer affects four parameters of the 
performance: the pull-in time after a new N is selected, the suppression of phase noise, the 
suppression of spurious modulation, and the resistance to injection locking. The pull-in 
time, given by Eq. (8-28’), is approximately 


Ty = 8 fuNK? 
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for the choice w, = K/4. The phase noise in most cases will be governed by Eq. (6-63): 
0,7 = alK 


where a is a constant. Spurious modulation, analyzed in section 9—1—2, is also present in 
frequency synthesizers. We will show in Eq. (11-14') that the spurious phase. modulation 
is 


AO = TONK*/f? 


where 6 is proportional to the PD offset voltage. Avoidance of injection (section 5—9 and 
Example 9-2) is usually not a dominant consideration compared with the three above. 

The strategy in designing for N and K is to minimize the maximum N to reduce A@. 
Then K is chosen as a compromise between a small value to reduce A@ and a large value to 
reduce 0,. If the T,, for the chosen N,,,, and K is unacceptable, a decrease in 7, will have 
to be traded off against an increase in AQ. : 

The +N frequency divider is still considered part of the phase detector, as it was in 
Fig. 4-12. For a three-state PD with a +N, the phase detector gain is Ky = V4,,/27N. 
Therefore, the bandwidth K = K,K,K, is inversely proportional to N. As N is varied in a 
frequency synthesizer to change the frequency, K also varies. However, the product NK 
remains constant. In particular, 


iN en tae - IN at oan (11-3) 

This quick discussion provides a rough overview of the factors influencing the 
choice of the bandwidth K. The following sections will provide more rigorous analysis 
and some design examples. 


11-3 SYNTHESIZER WITH MIXER 


It is sometimes possible to reduce N by introducing a mixer into the PLL, as in Fig. 11-2. 
This will reduce the spurious phase modulation A@ while achieving the same range and 
resolution as the frequency synthesizer in Fig. 11-1. 


98.8 to 118.8 MHz 


100 to 200 
Figure 11-2 Frequency synthesizer with 


fy | 78.8 MHz mixer 
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The mixer in Fig. 11-2 produces the sum and difference of the frequency f, and a 
second reference frequency f,. The sum f, + f, is removed by a low-pass filter (not 
shown), and the difference f, — f, remains as the desired output of the mixer. This 
difference is divided by N and compared with the reference f,. Then in lock, ( f, — f)/N 


= f., or 
fae N Gt (11-4) 


Here, f, provides most of f,, and N provides the smaller, variable portion of f,. In Fig. 11— 
1, f, has a range from 98.8 MHz to 118.8 MHz and a resolution of 0.2 MHz. This same 
range is realized by Eq. (11-4) for f/ = 0.2 MHz, N = 100 to 200, and f, = 78.8 MHz 
(see Fig. 11-2). Compared with the synthesizer in Fig. 11—1, the largest value of N is now 
only 200 rather than 594. 

Any of the phase detectors described in Chapter 4 can serve as a mixer. The three- 
state PD has a property that is especially useful—it produces an output only when f; is 
greater than f,. This prevents the PLL from locking at ( f, — f,)/N = f, rather than ( f, — 
PAIN tae ee 

In practice, the mixer produces not only f, — f, and f, + f, but also some spurious 
intermodulation products. Manassewitsch [4] gives a thorough discussion of these spuri- 
ous frequencies and how to minimize them. In particular, the f, and f, components are 
sometimes strong, and the low-pass filter must separate these from the desired f, — fo. 
Therefore, it is necessary to maintain 


JRA Tap (11-5) 


For the case studied here, f, = 78.8 MHz, and the highest f, — f, is 40 MHz. Suppose 
that, before filtering, the amplitudes of the f, — f, component and the f, component are 
equal (as with a three-state PD mixer). Then a seventh-order low-pass filter at 40 MHz 
will increase the ratio of the amplitudes to (78.8/40)’ = 115/1. As presented in Chapter 6, 
the additive f, “‘noise’’ component causes phase modulation with an amplitude of 1/115 
radian and a frequency of 78.8 — 40 = 38.8 MHz. The PLL transfer function H(s) 
further reduces this spurious phase modulation before it reaches the output. 


11-4 SPURIOUS MODULATION 


We saw in section 9—1—2 that a principle cause of spurious modulation is the spurious 
frequencies produced by the phase detector at #,. This spurious modulation A@ of 0, is 
usually more serious than that introduced by the mixer because it is of a lower frequency 
and therefore more readily passed by the PLL transfer function H(s). The amplitude of A@ 
for applications involving modulation and demodulation was given by Eq. (9-14). In 
frequency synthesizer applications, there is no modulation or demodulation, and the 
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spurious modulation will be less. In this section, we will derive the amplitude of A@ when 
the input is a fixed reference frequency. 

A typical circuit for a single-loop synthesizer (with or without a mixer) is shown in 
Fig. 11—3a. The phase detector is a three-state PD (see Fig. 4—-8b). The loop filter is active 
with essentially infinite gain at dc. Therefore, the average of its input >, must be zero, 
where 


Vy = Vy —Vp 


If there is no offset voltage V,,, then v, consists of pulses of zero width. In practice there 
is always some V,,, (shown negative in Fig. 11—3b), and >, must have pulses wide enough 
to make the average be zero. Then the duty cycle 6 must be 


re) — Viol Vam (11-6) 


where V,,,, is the maximum value of v,. For a three-state PD with a + N frequency 
divider, V,,, 1s related to the PD gain K, by 


Vam = 27NKy (11-7) 
The period of the waveform is 
T, — l/f, 


where f, is the reference frequency at the input to the PLL. 

It is the pulses in the }, waveform that cause phase jitter at 0,. The suppression of 
these pulses is called reference suppression because their frequency is the reference 
frequency f,. The », waveform experiences a (high-frequency) gain of K,, in the loop filter 
and a gain of K, in the VCO to produce a pulse in Aw, of height 


Aw = V,,,K,K, = 20NK,K,K, = 20NK (11-8) 


and width 67, (see Fig. 11—3b). Since 6, is the integral of Aw,, the change in 6, is the area 
under this pulse: 


A@ = AwdT, = 2uNKSIf, (11-9) 


Then for a fixed offset V,,, and a fixed bandwidth K, the jitter increases in proportion to N. 
(The mixer is transparent to phase; it doesn’t enter into the analysis.) 

It is possible to reduce the spurious modulation A@ still further by adding a low-pass 
function to the loop filter. One circuit design to do this is shown in Fig. 11—4a. The 
capacitor C3; together with R, form a low-pass filter with a cutoff at 


w; = 4/R,C; (11-10) 
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R; R> C 


3-state PD 


(a) 


Va 
Ty ————> 
Vam 
6T, 
Vao 4 
t 
Ad it 
Aw, = KpnKoVa 
Via Kak Area =A0 


69 = fAwodt 


(b) 


Figure 11-3 Phase jitter due to spurious modulation 


R,/2 R,/2 Ro C 


3-state PD VCO 


(a) 


Vo= Kyw3 f Vadt 


(b) 


Figure 11-4 Phase jitter with reference supressed by pole at 
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The complete loop filter transfer function is then 


vs) Sue @> 
= (QA a 
VAS) PEAS Os) 


The pulse frequency f, of ~ is usually much higher than 03/27 and w,/27, so we can 

approximate v,(s)/v,(s) ~ K,,w3/s (see Fig. 3—12a). In the time domain this corresponds to 

v(t) = K,w;fv¢t)dt, and the change in v, is K,w3 times the area under a v, pulse: 
Av. = K,03Van Ol a = 271NK 4K },0301 4 (11-11) 


(See the v. waveform in Fig. 11-4b.) The corresponding change in Ao, is 


Ao = K, Av. = 271NK 4K ),K,030T 4 
INKow,6T, = 2nNKw,6if, (11-12) 


The change A@ in @, is the area under the positive portion of the Aw, waveform (see Fig. 
11—4b): 


Ad = AwTJ/8 = TNKw 6/4f,” (11-13) 
As noted in section 11—2, the product NK is not dependent on the programmed N. 
Therefore, Eq. (11-13) may be evaluated for any consistent pair—JN,,;, and K,,,, for 
example. The smallest jitter is realized by making w 3 as small as possible. For stability 


reasons (see section 3—7), the smallest practical w; is 4K,,,,. For this choice of 03, 


DO = aN OK nacth 03 = 4Kinax (11-14) 


EXAMPLE 11—2 


The synthesizer in Fig. 11-1 has a PD with 6 = 0.01. Find the necessary K so that A@ is 
just 0.05 radian. Look at the cases both with and without a pole at w3. 

The reference frequency is f, = 0.2 MHz, and N,,,, = 594. Then for no pole at 3, 
Eq. (11-9) gives Kinin = AOFf/27N 5 = 268 rad/s. This is a very small bandwidth that will 
make for a long pull-in time and a larger phase noise. 

For a pole at w3 = 4Ky,,, and Nmin = 494, Eq. (11-14) gives K,.a.7 = AOf?/TtN mind 
= 129 (krad/s)’, and K,,,, = 11.4 krad/s. Then from Eq. (11-3), Kmin = (494/594) K max 
= 9.5 krad/s. This is a more reasonable bandwidth, but it can still be improved, as the 
next example shows. 
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EXAMPLE 11-3 


The synthesizer in Fig. 11—2 has a PD with 6 = 0.01. Find the necessary K with a pole at 
w3 so that A@ is 0.05 radian. 
For a pole at w;, = 4K,,,, and Nin = 100, Eq. (11-14) gives Ka” = AOf?/TN pi 


= 636 (krad/s)”, and Kwa, = 25.2 krad/s. Then Kmin = (100/200)K,,,, = 12.6 krad/s. 
This is some improvement over the 9.5 krad/s in Example 11-2. 


EXAMPLE 11—4 


The synthesizer in Fig. 11—5 achieves the same range and resolution of f, as that in Fig. 
11-2, but N changes by a factor of 101 rather than a factor of 2 over the range. For a PD 
with 6 = 0.01, find the necessary K with a pole at w; so that A@ is 0.05 radian. 

For a pole at w; = 4K,,,, and Nin = 1, Eq. (11-14) gives Kay” = AOf?/TN ni nd = 
6.36 x 10!° (rad/s)*, and K,,,, = 252:krad/s. Then Kyi, = (1/101)Kyax = 2-5 krad/s. 
This is not even as large as the K,,;, in Example 11-2. 


The three examples above illustrate a couple of points. Both the mixer and the 
divider reduce the output frequency before it is applied to the PD. What share of the job 
should each have? For a given reference suppression, K is larger if N is kept small. But if 
N is so small that N,nax/Nmin iS large, then K also varies over a large range. This forces K pin 
to be much smaller than K,,,,, and w3. It can be shown from Eqs. (11-3) and (11-14) that 
for a given A@, K,,;, is maximized for 


98.8 MHz to 
118.8 MHz 


yon Figure 11-5 Frequency synthesizer for 


f, | 98.6 MHz Example 11-4 
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11-5 DIVIDED OUTPUT 


In this section, we will look at a way of reducing the pull-in time by synthesizing a higher 
frequency than necessary and then dividing down to the desired frequency. We will look 
first at a straightforward synthesis with no division at the output. Suppose we want to 
generate a spectrum of audio tones in the octave from f, = 2092 to 4184 Hz. (This 
corresponds to the top octave of a piano.) The resolution is to be 4 Hz—about the limit of 
a human’s ability to tell the difference between two tones in that range. The simplest 
solution in terms of circuitry is the synthesizer in Fig. 11-6. Equation (11-1) applies, so f, 
= N(4Hz) = 2092 to 4184 Hz for N = 523 to 1046. However, f, = 4 Hz is a very low 
reference frequency. We will see that this requires a very small K, which results in a very 
long pull-in time. 

The whole design can be scaled up by a factor of 1000 by increasing f, from 4 Hz to 
4000 Hz, as in Fig. 11-7. Then f, = N(4000 Hz) = 2.092 MHz to 4.184 MHz as N goes 
from 523 to 1046. A +1000 frequency divider at the output produces 


fo’ = f/1000 = N(4 Hz) (11-95) 


which varies from 2092 Hz to 4184 Hz over the range of N. The higher f, will allow a 
higher PLL bandwidth K, and the pull-in time will not be so long. 


11—6 PULL-IN TIME 


The pull-in time 7, for a PLL with a three-state PD and +N frequency dividers is given by 
Eq. (8-28’): 


roe SadKigenN _ fdK = N ite 
" TtNo, 0.5Nw, 


where f,, = w,,/27 is the initial frequency error in Hz. If the N in the numerator is 
neglected and we choose w, = K/4, then T, is approximated by eS 8f,,/NK’, as 
indicated in section 11-2. 


523 to 1046 Ficure 11-6 Audio frequency synthesizer 
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2.092 to 
4.184 MHz 


2092 to 4184 Hz 


523 to 1046 


Ficure 11-7 Synthesizer with divided output 


EXAMPLE 11—5 


The audio synthesizer in Fig. 11-6 has a PD with 6 = 0.01. Choose K and , so the 
frequency jitter Aw is only 27(4 Hz). Find the pull-in time when N is changed from 1046 
toL523. 

For @, = 4K... baa 11-12) sivesAoa= STING Ks oF. For N,,. — 920 and f. 
= 4Hz, Aw = 8m rad/sec requires K,,,, = 0.875 rad/s and K,,i, = (523/1046)K,,,. = 
0.437 rad/sec. Choose @, = K,j,/4 = 0.109 rad/s—as high as possible for fast pull-in. 

The initial frequency is f, = 4184 Hz, and the final frequency is 2092 Hz. Then 
feo = 4184 — 2092 Hz = 2092 Hz. The final divider value is N = Nj, = 523, 
corresponding to K = K,,,, = 0.875 rad/sec. Then from Eq. (11-16), 7, = 65.5 seconds, 
which is certainly excessive for most applications. 


EXAMPLE 11—6 


The audio synthesizer in Fig. 11-7 has a PD with 6 = 0.01. Choose K and w, so the 
frequency jitter Aw’ is only 277(4 Hz). Find the pull-in time when N is changed from 1046 
[0% 23) 

For the synthesizer in Fig. 11-7, all frequencies to the PLL are scaled up by a factor 
of 1000 from those in Fig. 11-6. Then if we choose K,,,,, = 875 rad/s, and w, = 109 rad/s 
(scaled up by a factor of 1000 from those in Example | 1—5), the spurious modulation will 
be Aw = 27(4 KHz). After the + 1000 frequency divider, the spurious modulation is Aw’ 
=| 274 Hz). as desired. 

For N = 1046, the initial frequency is f, = 4.184 MHz, and the final frequency is 
2.092 MHz. Then f., = 4.184 — 2.092 MHz = 2.092 MHz. The final divider value is NV 
= 523. Then from Eq. (11-16), the pull-in time is JT, = 65.5 ms, which is barely 
noticeable in a human time frame. 
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11-7 MULTIPLEXED OUTPUT 


It is difficult to make a VCO based on an L-C oscillator with a range of much more than a 
factor of four because of the limited range of a varactor (see section 5—3). At high 
frequencies, the VCO may have a range of only a factor of two (an octave). Multivibrator 
VCOs can have a wide range, but they are too noisy for many synthesizer applications. 
Therefore, a synthesizer with a wide range must often be realized by dividing the output 
frequency by various amounts. For example, the audio synthesizer in Fig. 11—7 generates 
the tones in the top octave of a piano. The next lower octave can be obtained by dividing 
by two, and the next octave below that is obtained by dividing by four, etc. The circuit in 
Fig. 11-8 shows a binary counter used to divide f, by 2”, where M is 0 to 6 depending on 
the stage of the counter. Thus, the six stages generate the next six octaves below the top 
octave f,,’. A multiplexer (controlled by the digital number M) selects the desired octave, 
so from Eq. (11-15) the final output frequency is 


belo = NAA | (11-17) 


For N = 523 to 1046 and M = 0 to 6, this gives a range from 32.7 Hz to 4184 Hz (about 
the range of a piano). In the top octave, the resolution is 4 kHz/1000 = 4 Hz. In the 
bottom octave, the resolution is 4 Hz/64 = 0.06 Hz (this is the same percentage resolution 
as in the top octave). 


1-8 MULTIPLE-LOOP SYNTHESIZERS 


If a synthesizer with a frequency resolution as fine as 0.01% is needed, more than one 
PLL must be used in the design to keep the spurious modulation and pull-in time 
reasonable. Suppose a frequency synthesizer is to have a 1-kHz resolution for a frequency 
range from 10 MHz to 20 MHz. An attempt at realizing this with a single-loop synthesizer 


2092 to 4184 Hz 
f, 


Binary counter 
Q2 *Q3° Q4..105 
ae 


Multiplexer 


4 kHz 


fia 


32.7 Hz to 


523 to 1046 4184 Hz 


Ficure 11-8 Synthesizer with multiplexed output 
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Ficure 11-9 High-resolution synthesizer 
10,000 to 20,000 (impractical realization) 


is shown in Fig. 11—9. The output frequency is f, = N(1 kHz), where N goes from 10,000 
to 20,000. However, with this large an N and with an f, as small as 1 kHz, an extremely 
small K is needed to suppress spurious modulation [see Eq. (11-14)]. This small K would 
result in a long pull-in time [see Eq. (11-16)] and in larger phase noise. 

One solution is to split up the resolution between two PLLs, as in Fig. 11-10. Here 
N, provides the fine resolution, generating f;,| = N,(1 kHz), and N, provides the coarse 
resolution, generating f, = N» (100 kHz). The third PLL sums these two frequencies to 
generate 


fo =fa +f, = (100 N, + N,)C kHz) (11-18) 


For example, if f, = 15.573MHz is desired, the proper settings are N, = 154 and N, = 
ee 

Note that the maximum value of N in any loop is only 200, and f, is not less than 100 
kHz for any loop. The price is that there are now three PLLs rather than just one. 
Integrated circuits such as the Motorola MC145157 (see reference [5]) help reduce the 


100 to 
10 to 200 kHz 


f 
: f, = N,f,/ 100 


f2 = Nof, 
f= fy + fi = (Np + N;/100)f, 


99 to 198 


Ficure 11-10 Miultiple-loop synthesizer 
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cost and board space. These ICs include a three-state PD and all necessary frequency 
dividers. 

Which of the three PLLs in Fig. 11-10 is critical in determining the phase jitter? 
The following example lends some insight. 


EXAMPLE 11-7 


The bandwidth of each PLL in Fig. 11-10 is K,,,, = 27m(5.0 kHz) = 31.4 krad/s 
corresponding to N = 100. This is a compromise between a smaller K, which is better for 
reference suppression, and a larger K, which is better for phase noise suppression. Also, 
for each PLL, w3 = 4K,,,, = 126 krad/s, and 6 = 0.01. Find the peak-to-peak phase 
jitter AO at the output due to spurious modulation. 

Let the peak-to-peak jitter at f,, f;', and f, be represented by A@,, A6,’, and A@). 
From Eg. (11-14), N; = 100 gives AO, = 0.31 radian, and N, = 99 gives A6, = 0.30 
radian. But f,;’ = f,/100, so A@,’ = A@,/100 = 0.0031 radian. 

Let the peak-to-peak jitter at f, be A@,; when f,’ and f, are jitter-free. Then Eq. 
(11-14) applies to PLL; with N = | (no divider). The minimum reference for PLL; is f;’ 
= 100 kHz, and-Eq. (11-14) gives A@; = 0.0031 radians. When f;’ and f, are not jitter- 
free but have jitter A@,’ and A@,, then the total phase jitter at the output is 


Ad = Ad; + (A0,’ + AO) [AC jo,)| (11-19) 


where w, is the frequency of the phase jitter from PLL, and PLL,; that is, wo, = 27f, = 
27(100 kHz). This makes the approximation that the phase jitter waveform is sinusoidal, 
which it is not (see 0, in Fig. 11—4b). Therefore, Eq. (11-19) is conservatively large in its 
estimate. For w, >> 03 = 4K, as in our case, then |H( jw,)| ~ Kw3/w,? = 4(K/@,)? = 
(K/tf,)’. Then Eq. (11-19) becomes 


A@ = AO; + (Ad,' + A@,)(K/af,) (11-20) 
= 0.0031 + (0.0031 + 0.30) 0.01 
0.0031 + 0.000031 + 0.0030 = 0.006131 radian 


| 


The middle term is contributed by PLL,, and this is negligible. The first and last terms are 
contributed by PLL; and PLL, and these are about equal. 


11-9 PHASE NOISE 


The principle sources of phase noise in a synthesizer are the VCOs and to a lesser extent 
the reference frequencies. To find the contribution from each of these sources, we need 
the phase transfer functions for the PLLs making up the synthesizer. 
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A PLL with a mixer has two reference frequencies—f, and f,, as shown in Fig. 1 1— 
lla. The corresponding signal flow graph in Fig. 11—11b diagrams the equations relating 
the phases 6,, 0,, and 65. Note that the gain V,,,/27 of the three-state PD is considered 
only part of the total PD gain Ky = V,,,/2mN. Solving the flow graph gives 


(Vii/27) F(s) K,/s (Vin/27N) F(s) K,/s 


¢, = —— a 8 gt: 
1 + (Vam/2TN) F(s) K,/s " 1 + (Vam/20N) F(s) K,/s  * 


NK PRG)K Rar Gy Ks 
Laer (Ss) KS 1 + K, F(s) K,/s 


N H(s) 0, + H(s) 0, 
so the transfer functions are 
0,/0, = N H(s) (11-21) 


0/0, = H(s) (11-22) 


The corresponding frequency responses are shown in Fig. 11-1 1c. We already have from 
section 6-6 the transfer function from the VCO noise @,, to the PLL output: 


0,/0, = Hs) (11-23) 


The frequency response plotted in Fig. 3-16 is repeated here in Fig. 11—I1c. The total 
spectral density of 0, (see section 6—1) is therefore 


Dy, = | .//Don af N°|H|®,, ae JH, ( 1-24) 


where ®,,, By», and P,,, are the special densities of 0,, 05, and @,. The area under Dz, 
gives the mean square phase noise 0,”. 


EXAMPLE 11-8 


The synthesizer in Fig. 11-10 has N, = 198 and N, = 200 sof, = 20 MHz. PLL, and 
PLL, both have w, = 27(500 Hz) and bandwidths K, = 27(2.5 kHz). PLL; has wo, = 
27(500 Hz) and bandwidth K, = 27(5.0 kHz). The spectral density ®,, of the VCO 
phase noise in each PLL has ©, = 10° '* rad*/Hz, f,, = 500 Hz, f, = 200 kHz, and f. = 
1.0 MHz (see Fig. 11-12). The 100 kHz reference frequency has phase noise with a flat 
spectral density ®,, = 10 '® rad*/Hz. Find the rms phase noise at the synthesizer output. 


Kg = Vam/2aN 


62 


(b) 


|@o/62| =N|A| 


|6,/6,| =|H| 


Ww K W3 w 


Figure 11-11 Phase transfer functions 6,/6, and 0,/05 
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Ficure 11-12 Phase spectral densities for PLL, and PLL, in Example 11-8 


If we approximate N ~ 200 for both PLL, and PLL, then the analysis is the same 
for both loops: 


Dy, = Do = Heil’ Pon + N? |H1,|°B,, 


where H,, and H, are H, and H corresponding to bandwidth K,. The third term from Eq. 
(11-24) is not present because there is no mixer. The two remaining terms are plotted in 
Fig. 11-12; it is clear that the first term dominates. Therefore, ®y, = Po. ~ |H,)|"Po,- 

One reference frequency for PLL; is f,’ with 0,’ = 0,/100 and spectral density ®,,’ 
= @®,,/(100)*. Therefore, Eq. (11-24) for PLL; becomes 


Do, cz |H.3|’o, ae |H3|°o,’ a |H3|’Pp 


where H,, and H; are H, and H corresponding to bandwidth K3. These three terms are 
plotted in Fig. 11-13; it is clear that the second term is negligible. Then 


De = if. ®,, df = fe |H,3|"®,, df + i 1H3|°®p df 
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Ficure 11-13 Phase spectral densities for PLL; in Example 11-8 
The evaluation of the first integral is given by Eq. (6-55): 


= K iE Lay | 
: = ee ein | 
Li |H.3| Do, df D,,(K3/271) 4 y n 1 ~y 2 if Oo 


= 16.3 x 10°° rad? 


where ®y,(K3/27) = (20f,/K3)"@, = 1.6 x 107°, andy = /1 — 4w,/K3 = 0.775. The 
evaluation of the second integral is given by a modified form of Eq. (6-55): 


K Pe 
; + = oe 


: K 
2 a! sap tf ee he ce RS 
J \H3P?®p. df = ®,,(K/27) lerecere ; age 


= 23: 6c lOmo rad: 
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where ®,,, (K,/271) = (27f,/K,)°O, = 6.4 X 107°, andy = ji — 4w,/K, = 0.447. The 
term involving ©, is negligible, and the factor of K3/(K, + K,) is necessary because 
of the additional break at K,/27 that |H;|? causes. Then the total 0,7 = 16.3 x 10°° + 
Peace le? =" 30:0-x) 10r iradq.vand.@, 0.00632 rach 


11-10 PRESCALING 


One practical consideration in designing frequency synthesizers is the speed limitation of 
the components. The programmable +WN frequency dividers, in particular, are typically 
limited to a maximum frequency of 25 MHz. (See, for example, the specifications for the 
MC4018 with an “‘early decode’’ feature for reprogramming. [5] This restriction has led 
to some tricks in realizing the +N in high-frequency synthesizers. 

Consider the single-loop synthesizer in Fig. 11-14. It generates f, = N(1 MHz) = 
100 MHz to 200 MHz for N = 100 to 200. The +N is not too large, and f, is not too small 
a fraction of f,, so spurious modulation and pull-in time should not be a problem. But the 
200 MHz output frequency appears directly at the input of the +N, which can handle only 
25 MHz maximum. 

One possible solution would be to use a fixed +10 prescaler before the +N so it . 
sees only 20 MHz, as in Fig. 11-15. If f, is reduced to 100 kHz, then we again have f, = 
10N,(100 kHz) = N,(1 MHz) = 100 MHz to 200 MHz for N, = 100 to 200. But the 
overall N = 10N, = 1000 to 2000, and f, is only f,/1000. This will lead to problems with 
spurious modulation and pull-in time. 

It is not such a problem to make a fixed divider, such as the + 10 in Fig. 11-15, that 
can handle high frequencies. It is the programmable dividers that are restricted to about 25 
MHz. A compromise is to use a divider that can be programmed for only two values. Such 
two-modulas prescalers can be made to work at frequencies as high as 600 MHz. [6] 

The synthesizer in Fig. 11-16 uses a two-modulas prescaler to realize a +N that 
handles high frequencies. The price is that it takes four devices to realize the division: a 
+N, frequency divider, an A counter, a + 10/+ 11 prescaler, and a control unit such as 
the MC12014. Under command of the control unit, the prescaler divides by either 10 or 


FicureE 11-14 High-frequency synthesizer 
100 to 200 (impractical realization) 
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FicurE 11-15 Synthesizer with fixed 
100 to 200 prescaler 


11. The control unit monitors the outputs of the +N, and the A counter to know when to 
select the +10 or the +11. 

Suppose we want to divide f,, by 128 in order to synthesize 128 MHz. Then N, is set 
to 12, and A is set to 8. The sequence begins with the control loading the A counter with 8 
and selecting +11 for the prescaler. Then after 11 cycles of f,, the A counter decrements 
to 7. This continues until the A counter reaches zero, signaling the control to select + 10 
for the prescaler. So far the +N, (a +12 here) has received 8 pulses from the prescaler, 
so it needs 4 more before it puts out one pulse itself. Each of these next 4 correspond to 
10 cycles of f,. Therefore, the total cycles of f, required to produce one pulse from the 
+N, is 


Pb hl ieee ei + 1 T+ fh 0 10 aries =a 
When the control senses this pulse, it loads the A counter with 8, selects +11 for the 
prescaler, and the sequence starts over. From this example, it should be clear that the 


circuit realizes a frequency division of 1ON, + A. Therefore 


fo = (10 N, + ADf, (11-20) 


Note that the operation requires that 


A<N, (11-21) 


100 to 
200 MHz 


Two modulas 
prescaler 


f= (10N; + Af, 


select 
0to9 mean 


Figure 11-16 Synthesizer with two 
modulas prescaler 
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Therefore, the circuit can’t divide by 79, which would require N; = 7 and A = 9. 
However, prescalers are available with +M/+(M+1) capabilities, where M is not 
necessarily 10. Then the generalization of Eq. (11-20) is 


ee VN ei, (11-22) 


For example, for M = 6, the prescaler can divide by either 6 or 7. Then f, = (6N, + A) 
| MHz, and f,, = 79 MHz requires N, = 13 andA = 1, which satisfies Eq. (11-21). Note 
that with M = 6, f, can now go no higher than 150 MHz if the +N, is to see no more than 
25 MHz. Therefore, there is a tradeoff in selecting M. 
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Noise bandwidth of input bandpass filter 
Noise bandwidth of PLL tansfer function H 
Message bandwidth 

Varactor capacitance 

Capacitance in crystal model 

External capacitor for multivibrator VCO 
Loop filter transfer function 

Offset frequency below which flicker noise 
dominates 

Half-bandwidth of resonant oscillator’s tank 
Half-bandwidth of filter following oscillator 
Offset frequency from ‘‘carrier’’ 

PLL output frequency in Hz 

Reference frequency for synthesizer 
Forward gain of PLL control loop 

PLL phase transfer function 

Transfer function from 8; to 0, 

Peak value of transfer function |H(jw)| 

PLL 3-dB bandwidth 

Phase detector gain 

High-frequency gain of loop filter 
Multiplier gain 

VCO gain 

Phase detector figure of merit 

Noise 

Frequency divider ratio 

Power spectral density of white noise 
Pull-in time 

Mean time between cycle slips 

VCO control voltage 

Phase detector output voltage (average) 
Phase detector output voltage (instantaneous) 
Maximum value of v, 

Phase detector free-running voltage, or offset 
voltage 

Logic ‘‘high’’ voltage 

PLL input voltage 

Peak value of v; 

Injection voltage into VCO 

Peak value of v, 

Logic ‘‘low’’ voltage 
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VCO output voltage 

Peak value of v, 

Pull-in voltage from phase detector during 
acquisition 

Oscillation voltage in VCO 

Peak value of v, 

Voltage across R, in loop filter 

Voltage across C in loop filter 

Density of ones in an RZ data signal 
Spurious phase modulation (peak-to-peak) 
Spurious frequency modulation (peak-to-peak) 
Input frequency deviation 

Output frequency deviation 

Power spectral density of x(t) 

Phase difference between input and output 
signals 

Phase error between input and output signals 
Value of 6. for maximum phase detector 
voltage 

Phase of PLL input signal 

Oscillator phase noise when not in a closed 
loop 

Phase of PLL output signal 

Power spectral density of white phase noise 
Average frequency error during acquisition 
Detector frequency—fundamental frequency of 
Va 

Frequency error during acquisition 

Initial frequency error during acquisition 
Average (carrier) frequency of input signal 
Lock-in frequency—w, for which acquisition is 
complete 

Modulation frequency of input signal 
Oscillator frequency noise when not in a closed 
loop 

Output frequency of VCO 

Pull-in frequency—maximum w,, for acquisition 
Peaking frequency of |H(jw,,,)| 

Loop filter pole frequency less than K 

Loop filter zero frequency 

Loop filter pole frequency greater than K 
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Accumulated jitter, 236 
Acquisition: 
aided, 174, 177 
frequency, 155 
self, 157, 164 
Aided acquisition, 174, 177 


Bandwidth, 3 dB, 9, 16, 17, 22 
Bandwidth, noise, 111 

Baud, 211 

Beat note, 159, 168 


Clock recovery, 211 
Control voltage, static, 12 
Control voltage, VCO, 11 
Costas loop, 200 

Counter, programmable, 240 
Crystal VCO, 94 
Cumulative jitter, 232, 236 
Cycle slip, 131 


Damping ratio, 34 

Detector frequency, 48, 68, 72 
Devil’s advocate, 261 

Divider, frequency, 68, 240 
Divider, programmable, 240 


Elastic store, 233 
Exclusive-OR phase detector, 55 
Extended range phase detector, 68 


Figure of merit, phase detector, 
52, 164 

First-order phase-locked loop, 18 

Flicker noise, 121 
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Forward gain, 15 
Free-running voltage, 11 
Frequency demodulation, 205 
Frequency detector, rotational, 177 
Frequency divider, 68, 240 
Frequency error, 157 

average w,, 158 

initial, 161 
Frequency modulation, 202 

random, 151 

sinusoidal, 148 
Frequency noise, 207 
Frequency ramp, 145 
Frequency step, 143 
Frequency synthesizer (See 

Synthesizer, frequency) 


Gilbert multiplier, 50 
Hold-in range, 135 


Injection constant, 99, 101 
Injection effects, 102, 204 

Input frequency, average, 14, 136 
Input frequency deviation, 136 
Intersymbol interference, 232 


Jitter, 211 
accumulation, 230, 236 
offset, 227 
pattern-dependent, 218 
random, 232 
systematic, 232 


Lock-in frequency, 141, 145, 160, 
164 
Loop filter, 20, 25 
active, 26 
passive, 20 
pole, 38 
zero, 27 
Loop gain, 18 


Mixer, double-balanced, 52 
Mixer in synthesizer, 241 
Modified phase detector 
characteristic, 75 
Modulation bandwidth, VCO, 82, 
a1 
Multiple-loop synthesizers, 250 
Multiplexer in synthesizer, 250 
Multiplier: 
double-balanced, 52 
four-quadrant, 47, 49, 51 
Gilbert, 50 
overdriven, 54 
Multivibrator, voltage-controlled, 
83 


n-state phase detector, 68 
Natural frequency, 34 

Noise bandwidth, 111 

Noise bandwidth, PLL, 116 
Noise low-frequency cutoff, 119 
Non-return-to-zero data, 212 
NRZ data, 212 


Offset frequency, 121 
Offset jitter, 227 
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Offset voltage: 

loop filter, 31 

phase detector, 29 
Ones density, 228 
Output frequency deviation, 13 
Overdriven multiplier, 54 
Overshoot, step response, 36 


Pattern-dependent jitter, 218 
Peaking frequency, 34 
Phase demodulation, 192, 195 
Phase detector, 47 
characteristic, 11 
characteristic, modified, 75 
figure. of merit, 52 
free-running voltage, 11 
offset voltage, 29 
range, li, 139 
exclusive OR, 55 
extended range, 68 
n-state, 68 
sample-and-hold, 67 
three-state, 61, 78 
two-state, 59 
Z-state, 65 
Phase difference, 11 
Phase error response, 43 
Phase error, 9, 11 
Phase modulation, 185 
Phase noise: 
error, 119 
input, 116 
output, 117, 126, 128 
synthesizer, 252 
VCO, 120 
Phase spectral density, 125 
Phase-shift keying, 195 
Power spectral density, 109 


Prefilter, 111 
Prescaler, two-modulas, 257 
Programmable counter, 240 
Pull-in range, 163, 170, 164 
Pull-in time: 
aided three-state PD, 177 
passive loop filter, 166 
rotational FD, 181 
self acquisition, 162, 164, 166 
synthesizer, 248 
three-state PD, 173 
Pull-in voltage, 160, 164 


Q, resonant VCO, 92, 121 
Quadricorrelator, 179 


Range, phase detector, 11, 139 
Range, VCO 11, 81 

Reference frequency, 239 
Remodulator, 200 

Return-to-zero data, 212 
Rotational frequency detector, 177 
RZ data, 212 


Sample-and-hold phase detector, 
67 

Second-order phase-locked loop, 22 

Self acquisition, 157, 164 

Signal-to-noise ratio, 116, 207 

Slip detector, 73, 74 

Spectral density, power, 109 

Spectral width, oscillator, 104 

Spectrum analyzer, 124 

Spurious modulation, 187, 189, 
242 

Squaring loop, 196 

Static control voltage, 12 

Static phase error, 13, 14, 23, 28 
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frequency, 143 
phase, 36 

Symbols, list of, 261 

Synthesizers, frequency, 239 
mixer in, 241 
multiple-loop, 250 
multiplexer in, 250 
phase noise, 252 
prescaler in, 257 
pull-in time, 248 
single-loop, 239 

Systematic jitter, 232 


Three-state phase detector, 61, 
78, 171 

Timing jitter, 211 

Timing margin, 229 

Transition density, 228 

Two-modulas prescaler, 257 

Two-state phase detector, 59 


Varactor diode, 87, 95 
VCO: 
characteristic, 12 
control voltage, 11 
crystal, 94 
gain, 13 
linearity, 82 
modulation bandwidth, 82, 91 


range, 11, 81 
resonant, 86 
VCXO, 94 


Voltage-controlled crystal 
oscillator, 94 
Voltage-controlled oscillators, 81 


Z-state phase detector, 65 
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Introducing phase-locked loop applications and circuit design, author 
Dan H. Wolaver emphasizes electronics design tools and circuits using 
specific design examples, es addresses the practical details that lead 10; 
a working design. 
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